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Abstract. Excursion reflected Brownian motion (ERBM) is a strong Markov 
process defined in a finitely connected domain D G C that behaves fike a 
Brownian motion away from the boundary of D and picks a point according to 
harmonic measure from infinity to reflect from every time it hits a boundary 
component. We give a new construction of ERBM using its conformal in- 
variance and discuss the relationship between the Poisson kernel and Green's 
function for ERBM and conformal maps into certain classes of finitely con- 
nected domains. One important reason for studying ERBM is the hope that 
it will be a useful tool in the study of SLE in finitely connected domains. To 
this end, we show how the Poisson kernel for ERBM can be used to derive 
a Loewner equation for simple curves growing in a certain class of finitely 
connected domains. 



1. Introduction 

1.1. Motivation and Results. Oded Schramm f22l introduced a one parameter 
family of random processes now called Schramm- Loewner evolution (SLE) as a pro- 
posed scaling limit for many discrete models arising in statistical mechanics which 
were expected to be conformally invariant in the limit. Since then, SLE has been 
extensively studied and has proven to be an important tool in providing mathe- 
matical rigor to a number of predictions in statistical mechanics. The definition 
of SLE in simply connected domains uses a classical result of Charles Loewner 
[18j . Namely, if 7 (t) : (0, 00) — ^ H is a simple curve parametrized such that 7 (t) 
has half-plane capacity a {t) and g (t) : H\7 (t) — > H is the unique conformal map 
satisfying lim gt (z) — z = 0, then gt (z) satisfies the initial value problem 

(1-1) 9t (z) = f^^*^ jj , 90 (z) = z, 

gt [z) - Ut 

where Ut is a real-valued function called the driving function. The differential 
equation in (jl.ip is one example of a Loewner equation. If (jl.ip is solved with 
d(t) = 2 and Ut = nBt, where Bt is a standard one-dimensional Brownian motion, 
then the random family of maps gt is generated by a curve |21) in the sense that the 
domain of gt is equal to the unbounded component of EI\7 {t) for a random family 
of curves 7(i). If < k < 4, then 7 (t) is almost surely a simple curve. When 
K > 4, 7 (t) almost surely has self-intersections and when /c > 8 it is almost surely 
a space-filling curve. Chordal SLE^ in H from to 00 is defined to be the random 
family of curves 7 (t). 
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It is natural to ask whether an SLE process can be defined in muhiply connected 
domains Z) C EI in an analogous way. That is, is it possible to find an analog of ()l.ip 
and an appropriate driving function so that the solution of the resulting initial value 
problem is generated by a curve with the properties one would expect of SLE„? An 
added difficulty of the multiply connected case is that not all n-connected domains 
are conformally equivalent. In the simply connected case, Schramm was able to 
show that any stochastic process that satisfies the domain Markov property and 
is conformally invariant must come from (11.11) with Ut a Brownian motion. Part 
of what makes this work is that H with a simple curve removed is conformally 
equivalent to H. In the multiply connected case, requiring that SLE have the 
domain Markov property and be conformally invariant is not enough to uniquely 
determine the driving function. Bauer and Friedrich ([4], [5], [6]) defined a candidate 
for SLE in multiply connected domains by solving a Loewner equation for a curve 
growing in a multiply connected domain. They did not determine the "right" 
driving function for the process to be SLE, but they were able to narrow down 
the possible choices. In separate work ([23], [21]), Zhan took a similar approach. 
He showed that, in the case of the annulus, if in addition to satisfying the domain 
Markov property and conformal invariance, SLE is also assumed to be reversible, 
then the driving function is uniquely determined. 

Recent work of Lawler |16| takes another approach to defining SLE in multiply 
connected domains. His definition is motivated by work of Lawler, Schramm, 
and Werner. They showed that if C H is a simply connected domain such 
that M\D is bounded and H and D agree in a neighborhood of 0, then there is 
a local martingale Mt with the property that SLE in D is SLE in H weighted by 
Mf. In [17 , Lawler and Werner showed that this local martingale is related to the 
Brownian loop measure. This led Lawler to suggest in |15j that SLE in a multiply 
connected domain could be defined by using the Brownian loop measure to specify 
its Radon-Nikodym derivative with respect to SLE in a simply connected domain. 
In [16j . Lawler defines SLE in multiply connected domains in this way and in the 
case of the annulus, shows that the resulting process agrees with the one found by 
Zhan in [24 . Even though Lawler does not use a Loewner equation in a multiply 
connected domain to define SLE, the analysis of a Loewner equation in a multiply 
connected domain is still an important aspect of his work. The goal of this paper is 
to better understand the Loewner equations appearing in work on SLE in multiply 
connected domains. 

The study of Loewner equations in multiply connected domains is not new and 
goes as far back as 1950 in work by Komatu [11]. These equations frequently 
feature special functions that make the calculation work, but are introduced with- 
out motivation. In most cases, we expect such functions can be given a proba- 
bilistic interpretation. For instance, the special function in ()1.1|) is (z, x) i— ?■ 
and the probabilistic interpretation is that the imaginary part of is equal to 
— ttTJh (z, z), where Hu (z, •) is the Poisson kernel for Brownian motion in H. We 
call a domain Z? C H a chordal standard domain if it is obtained by removing a 
finite number of horizontal line segments from the upper half plane. In this paper, 
we study a strong Markov process, excursion reflected Brownian motion (ERBM), 
whose Poisson kernel can be used to prove a Loewner equation for a simple curve 
growing in a chordal standard domain. Excursion refiected Brownian motion in a 
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simply connected domain is just Brownian motion and, in this case, the Loewner 
equation we get is just (jl.ip 

Roughly speaking, if D C C is a domain with n "holes," ERBM is a strong 
Markov process that has the distribution of a Brownian motion away from dD 
and picks a point according to harmonic measure from oo to reflect from every 
time it hits dD. To understand the behavior of ERBM, we consider the case that 
D = C\D. In this case, every time ERBM hits i9D, it picks a point uniformly on 
9D to reflect from. ERBM has what Walsh ([T], pg. 37) has called a "roundhouse 
singularity" in a neighborhood of D. That is, in any neighborhood of a time that 
it hits 9D, it will hit 9D uncountably many times and jump randomly from point 
to point on dD. Finally, an important property of ERBM is that it is conformally 
invariant. This will be clear once we more precisely define what it means to "pick 
a point according to harmonic measure from cxi to reflect from." 

The existence of ERBM follows from more general work of Fukushima and 
Tanaka in [TIT . Their work uses the theory of Dirichlet forms and does not take ad- 
vantage of the confornial invariance of ERBM. An alternative construction making 
explicit use of the conformal invariance of ERBM was proposed by Lawler in [M] . 
He proposed that ERBM could be defined in any domain with "one hole" by first 
constructing the process in C\D using excursion theory and then defining it in any 
domain conformally equivalent to C\D via conformal invariance. To define ERBM 
in a domain with "n holes," multiple copies of the process defined in a domain with 
"one hole" can be pieced together. We take this basic approach and give a new 
construction of ERBM. 

A function is ER-harmonic if it satisfies the mean value property with respect 
to ERBM. More precisely, a function u is ER- harmonic if it is harmonic on D and, 
for any curve rj surrounding a boundary component A of D, 



at A hits T]. It turns out that a harmonic function u on D that is constant on each 
connected component of dD is ER-harmonic if and only if it is the imaginary 
part of a holomorphic function on D. For this reason, the study of ER-harmonic 
functions is a useful tool in the study of conformal maps into certain classes of 
finitely connected domains. 

Two important ER-harmonic functions are the Poisson kernel {z,w) and 

Green's function (z, w) for ERBM. In order to define these functions, it is 
necessary to choose at least one boundary component of D at which to kill the 
ERBM. Once this is done, the definitions and many of the properties of the Poisson 
kernel and Green's function for ERBM are similar to those for usual Brownian 
motion. The Poisson kernel for ERBM was first considered by Lawler in [M] as a 
way of understanding a classical theorem [5] of complex analysis stating that any 
n-connected domain D C C is conformally equivalent to a chordal standard domain. 
He sketched a proof showing that the imaginary part of any such map is equal to 
a real multiple of the Poisson kernel for ERBM. We give a complete proof here. 
Furthermore, we use the Green's function for ERBM to give an interpretation of 
two other classical conformal mapping theorems. 




where 



Hou{Ai,z) 



is the density for the distribution of the first time ERBM started 
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We finish this section by stating our main result. This result was conjectured by 
Lawler in [14,. Let _D be a chordal standard domain, 7 : (0, 00) — > _D be a simple 
curve with 7 (0) — 0, Dt = (0, i), and b (t) be the excursion reflected half-plane 
capacity of 7(0,^). Excursion reflected half-plane capacity is a generalization of 
half-plane capacity to multiply connected domains and parameterizing our curves 
so the excursion reflected half-plane capacity is a differentiable function of time is 
the most convenient parametrization. 

Theorem 1.1. For each t, there is a unique conformal map ht : Dt ht {Dt) such 
that ht {Dt) is a chordal standard domain and lim ht{z) — z — 0. Furthermore, 

this map satisfies the initial value problem 

h (t) {z) = -b {t) Hf^f^^) [ht {z) , Ut) , ho {z) = z, 

where Ut = ht {"f {t)) and 'H^^j-,^-^ (^-^Ut^ is a conformal map with imaginary part 

a real multiple of Ut^ . 

If Z) = H, then this theorem is just a restatement of 

1.2. Outline of the Paper. Section [2] sets notation and contains necessary back- 
ground material. In particular, we outline the proof of the chordal Loewner equation 
for a simple curve growing in H as in [T3] . The basic structure of the proof of the 
analogous result for chordal standard domains is the same and uses some of the 
same preliminary results. 

In Section[3]we define and construct ERBM in finitely connected domains D C C 
First, we construct the process in C\ID) by explicitly defining a transition kernel 
for ERBM in terms of the transition kernels for Brownian motion and reflected 
Brownian motion and then using general theory to show that there actually is a 
strong Markov process with this transition kernel. Finally, we check that the strong 
Markov process we obtain satisfies our definition of ERBM. Our construction is 
motivated by a similar construction of Walsh's Brownian motion in [5]. Once we 
have ERBM in C\D, we define ERBM in any domain conformally equivalent to C\D 
via conformal invariance. In Section [3.41 we show how countably many independent 
ERBMs in 1-connected domains can be pieced together to construct an ERBM in 
an n-connected domain. ERBM in D induces a discrete time Markov chain on the 
connected components of the boundary of D, which we discuss in Section [3.5l This 
chain was observed by Lawler in |14| and appears implicitly in classical work on 
conformal mapping of multiply connected domains. We conclude the section with 
a brief discussion of ER-harmonic functions. We prove a maximal principle for ER- 
harmonic functions and show how ERBM can be used to construct ER-harmonic 
functions. 

Section m introduces the Poisson kernel {z,w) for ERBM and proves some 
of its basic properties. We gather a number of estimates for {z,w) that are 

used in Section [5] and discuss the connection between H^^ {-^w) and conformal 
maps into chordal standard domains. 

Section O introduces the Green's function Gf)^ {z, w) for ERBM in D and proves 
some of its basic properties. In Section 15.21 we use the theory of Green's function 
for ERBM to prove two formulas from Section[3]necessary to show our construction 
of ERBM is well-defined. We conclude the section by showing how Gf^^ (z, •) can 
be used to construct conformal maps into circularly-slit annuli. 
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In Section [6] we prove Theorem ll.il We start by defining Ti.^^ (',2:), the complex 
Poisson kernel for ERBM, for any finitely-connected domain D cM with R C dD. 
The complex Poisson kernel for ERBM, initially considered by Lawler in [2], has 
the property that for any x € R, Hf)^ {-jx) is a conformal map into a chordal 
standard domain with imaginary part equal to ttH§^ ('i^;). We use i'j^) to 
show that there is a unique conformal map ipo from D into a chordal standard 
domain satisfying lini (pD (z) — z = 0. The map ht in Theorem 11.11 is equal to 

'fgt(Dt) ° 9t, where gt is as in p.ip . There are two main steps to the proof of 
Theorem 11.11 First we prove the result at t = 0. This proof is similar in spirit 
to the proof of the analogous result for gt- The second main step is to show that 
Ut = ht (7 {t)) is a well-defined continuous function. We do this by combining the 
analogous fact for Ut = gt (7 {t)) with derivative estimates for ipo (x) restricted to 
M. The key observation is that ip'j-, (x) = ttH^^ (00, x), where (00, x) is the 
"normal derivative" of (',2;) at 00. This allows us to use appropriate Poisson 
kernel estimates to provide the necessary estimates for ip'j^ (x). Since gt [Dt) varies 
with we need Poisson kernel estimates that are uniform over certain classes of 
domains. 

I would like to thank my advisor Greg Lawler for suggesting this line of research 
and for many useful conversations pertaining to it. 

2. Background 

2.1. Some Notation. We denote the unit disk in C centered at the origin by B 
and the upper half-plane by H. We let 3^„ consist of all subdomains of C with n 
"holes." More precisely, let 3^„ consist of all connected domains of the form 

D = C\ [Ao U Ai U • • • U A„] , 

where Aq, Ai, . . . , An are closed disjoint subsets of C such that Ai is simply con- 
nected, bounded, and larger than a single point for 1 < i < n (we allow Aq to be 

00 

empty) and C\Ao is simply connected. We denote 3^,; by 3^. 

We call A C H a compact M-hull ii A = MO A and M\A is simply connected and 
denote the set of all compact H-hulls by Q. We denote the subsets of y and 3^„ 
consisting of domains such that Aq is the union of C\H and a compact H-huU by 
3^* and y* respectively. We call D d y a, chordal standard domain if D is the upper 
half-plane with a finite number of horizontal line segments removed. We denote the 
set of chordal standard domains and 71-connected chordal standard domains by Cy 
and Cyn respectively. If Z? is a domain with C\Ao = H, then if r > 0, we let 

D'' = {zeD:\z\>r}. 

We also let 

H'' ^{z eM:\z\< r} 

and 

©+ = D n H. 

We denote the open annulus centered at a; G M with inner radius r and outer radius 
R by Ar,R (x) and Ar,R {x) n H by A^j^ {x). We write Ar,R and A^j^ for Ar,R (0) 
and A'^j^ (0) respectively. Finally, we denote the open ball of radius r centered at 
z by Br (z) and, if a; £ M, Br {x) n H by B+ (x). 
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If ^ is a subset of C, we let the radius of A, denoted rad(^), be the infimum 
over all r > such that yl C rD and the diameter of A, denoted diam (A) , be the 
supremum over all x, y € A of \x — y\. 

We will use c to denote a real constant that is allowed to change from one line 
to the next. We write / (z) ~ g (z) as z a if Wniz^a — 1 and f (z) i< g (z) as 
z ^ a if / (z) = O {\g (z)|) and g (z) ^ O (|/ (z)|) as z a. 

2.2. Poisson Kernel for Brownian Motion. Let D £ y and let tjj be the first 
time that a Brownian motion Bt leaves D. If dD has at least one regular point for 
Brownian motion, then for each z € D, the distribution of Bt-d defines a measure 
hiaiD {z, •) on dD (with the cr-algebra generated by Borel subsets of dD) called 
harmonic measure in D from z. We say dD is locally analytic at w G dD if dD is 
an analytic curve in a neighborhood of w. If dD is locally analytic at w, then in a 
neighborhood of w, hmu (z, •) is absolutely continuous with respect to arc length 
and the density of hmu (z, •) at w with respect to arc length is called the Poisson 
kernel for Brownian motion and is denoted Hjj {z,w). 

Some of the domains we consider will have two-sided boundary points (a recur- 
ring example is when £) is a chordal standard domain). If w is a two-sided boundary 
point, we should really think of it as being two distinct boundary points, w'^ and 
w". In such cases, by abuse of notation, we will sometimes write Hjj {z,w) when 
we should consider Hjj (z,w+) and Hjy {z,w~) separately. 

Harmonic measure is conformally invariant. That is, if / : I? — > D' is a conformal 
map, then 

hmc iz,V)^hmD' if{z),fiV)). 

Using this, we see that if dD is locally analytic at w and dD' is locally analytic at 
/ (w), then 

(2.1) Hd' if (z) , / (w)) = I/' iw)\-' Hd (z, w) . 
It is well-known that 

(2.2) HM{x + iy,x')^^- ^2 



2 



Ti" (x — a;') -I- y 

Using (|2.2p . it is straightforward to compute that if > e, then (•, x) restricted 
to the boundary of B^ (0) is bounded above by 

(2.3) m 



I TT (x — e) IT [x + e) J 

Using (|2.ip . it is sometimes possible to explicitly compute the Poisson kernel 
for a simply connected domain. Often though, having an estimate is good enough. 
One particularly important estimate (^3J, pg. 50) that we will use extensively is 
that if Izl > 2e, then 



(2.4) Hh^ (z, ee'^) = 2Hm (z, 0) sin 9 



1 + 01 A 



as j|| — ^ 0. In particular, if we fix a radius r > 0, then the O (^ffy ^ term can be 
replaced with an O (e) term that is uniform over all z with |z| > r. 
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Using ()2.ip . (|2.4|) . and the map 2 i~> we see that if \z\ < r/2, then 



H 



s+(o) 



(2.5) 



r 

2 Im [z 



^Hm — ,0 sin(0) 



sin {9) 



1 + 



as — ^ 0. In particular for fixed r, the probability that a Brownian motion started 



Im[zl 



as z 



0. 



at z exits i3+ (0) on |z| = r is comparable to 

The function Hjj (•, w) can be characterized up to a positive multiplicative con- 
stant as the unique positive harmonic function on D that is "equal to" the Dirac 
delta function at w on dD. 

Proposition 2.1. Let D E y be such that dD is locally analytic at w E dD. Then 
Hd {'jW) is up to a real constant multiple the unique positive harmonic function on 
D that satisfies Hjj [z, w) — as z ^ w' for any w' £ dD not equal to w. 

Next, we prove an estimate analogous to (|2.4p for D E y* . A useful observation 
[H] that we will use in the proof of this estimate is that if D2 C Di and Di and 
D2 agree in a neighborhood of w e dDi, then 

(2.6) Hd, (z, w) - Hd, (z, w) - [Hd, (S,^, , w)] . 

Lemma 2.2. Let D E y* be such that dD is locally analytic and dD and dM agree 
in a neighborhood o/O. If \z\ > 2e, then 

Hd' (z, ee*'') = 2 sin 61 Hd (z, 0) [1 + O (e)] , 

where for any r > 0, O (e) is uniform over all z with \z\ > r. 

Proof. Using (|2.6p . we have 



(2.7) Hd^ (z, ee'") = Hh^ (z, ee^«) - [Hh^ {B^^^ , ee'")] . 

We can rewrite E^ [Hh' (i?ro^ , ee'^)] as (where by convention Hd^ {z,w) = if 
w i dD") 



n 

E 

i=0 



/ Hh' {w,ee'^) Hd-' {z,w) \dw\ 
=2 sin 61 V / 



HM{w,0)[l + O{e)]HD^ {z,w) \dw\ 



(2.8) 



=2 sin 6* 



.,=0-^9 A, 



Hmiw^O) Hd' {z,w) \dw\ 



[l + 0(e)] 



Applying (j2.6p again, we have 

(2.9) Hd^ (z, w) = Hd (z, w) - W [Hd {Br^. , w)] . 

The probability that a Brownian motion in D started at z leaves C on 95+ (0) 
is less than the probability that a Brownian motion in H'^ does the same thing, 
which is O (e) by (|2.4p . If R is such that B^ (0) C Z?, then in order for a Brownian 
motion in D started on (0) to not exit D on M, it has to leave B'^ (0) before 
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hitting M. By (|2.5p . the probabihty of this event is O (e) and hence, the probabihty 
that a Brownian motion in D started on dB^ (0) does not exit D'^ on M is O (e). It 
follows that 

(2.10) E^Hd (5r„. , w)] - O (e') . 

Substituting (|2J]) into ((2^ and using (|2.10l) . we see that (IZD) is equal to 



2 sin 61 



E 

Li=0 



/ Hm{w,0) Hd {z,w) \dw\ 

JdAi 



IdAi 

=2sin0E^ [ffH(B,„,0)] [l + 0(e)]. 
Combining this with ((^^ and (P^ . (I^TT)) becomes 
(2.11) iJ^. (z,ee^'^) =2sin6l77B(^,0)[l + O(e)] 



[l + 0(e)] 



□ 



We will need an estimate for the derivative (in the second variable) of the Poisson 
kernel. 

Lemma 2.3. Let D e y* be such that Aq = C\H and [x) := Hd {z,x). If 
x' eM. and r < \z - x'\ is such that B+ {x') C D, then |/^ (a;')| < 

Proof. See [g. □ 

2.3. Some Brownian Measures. Let D E y. If dD is locally analytic at w, then 
the boundary Poisson kernel is defined by 

Hod {w, z) = -^Hd (w, z) , 
dn 

where n is the inward pointing normal at w. If w is a two-sided boundary point, 
then we have two distinct boundary Poisson kernels. Hod (w^ , z) and Hod {w~ , z). 
In such cases, by abuse of notation, we will sometimes write Hod (w, z) when we 
should consider Hod {w^ , z) and Hod {w~ , z) separately. If / is a conformal map 
and df (D) is locally analytic at / (w) and / (z), then 

(2.12) Hod (w, z) = |/' {w)\ |/' (z)| ffa/p) (/ i^) , / (^)) • 
If D is as in Lemma [2^ then using Lemma [2?2l we have that 

(2.13) HoD' {z, ee'') = 2 sin Hod {z, 0) [1 + O (e)] , 

where for any r > Q, O (e) is uniform over all z e dD with \z\ > r. 

The definition of excursion reflected Brownian motion uses excursion measure. 
Excursion measure is usually defined as a measure on paths between two boundary 
points of D. Since we will only be interested in the norm of this measure, the 
definition we give of excursion measure is the norm of excursion measure as defined 
elsewhere ([13], [TJ). 

Definition 2.1. Suppose D d C is a domain with locally analytic boundary and V 
and V are disjoint arcs in dD. Then 

£d{V,V'):^ f f HoDiz,w)\dz\\dw\ 
Jv Jv 

is called excursion measure. Excursion measure normalized to have total mass one 
is called normalized excursion measure and is denoted £d (V, •). 
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Using p.l2p . we can check that £d is conformany invariant. This ahows us to 
define Sd {V, V) even if D does not have locally analytic boundary. We will often 
write £d {A, V) for Ed {dA, V) and Ed {A, V) for Ed {dA, V). We will also write 
Hqd {A, z) as shorthand for the quantity j^^ Hqd {z,w) \dz\. Using (|2.12l) . we see 
that if / : D — > Z?' is a conformal map, then 

HsD {A,z) = Haf(D) {.nA)J{z))\f (z)| . 

As a result, it is possible to define Hqd {A, z) even if A does not have locally analytic 
boundary. 

We conclude with a brief discussion of the Brownian bubble measure. Let D e 3^* 
be such that dD is locally analytic and x G 913 HM. Define the Brownian boundary 
bubble measure at x of bubbles leaving D by 

(2.14) T{D;x)=T{D;x\W,x)^t: ( Hqd {x, z) Hu{z,x)\dz\ . 

JdD 

It is not hard to check (see [8]) that 

(2.15) tiHd [z, 0) = ttHm (z, 0) - Im [z] T {D; 0) [1 + O (|z|)] , z ^ 0. 

2.4. Green's Function for Brownian Motion. In what follows, let L* G 3^ be 
such that dD has at least one regular point for Brownian motion. In this setting, it 
is possible to define a (a.s. finite) Green's function for Brownian motion Gd (z, w) 
(see, for instance, [S]). By convention, we scale Gd (z, •) so that it is the density 
for the occupation time of Brownian motion. As a result, what we mean by 
may differ by a factor of tt from what appears elsewhere. 

It is well-known that Gd {z,w) — Gd {w,z) and that Gd (z, •) can be charac- 
terized as the unique harmonic function on D\{z} such that Gd{z,w) ^ as 
w — dD and 

(2.16) G.(z,^)^ '^"g'^'"' +0(1), 

TT 

as z w. Another property of Gd (z, w) is that it is conformally invariant. That is, 
if / : Z3 — >■ D' is a conformal map, then Gfi^D) (/ {z) , / [w)) = Gd (z, w). Finally, 
it is well-known that 

(2.17) G.o(0,z) = -i^^i!-i^^ 
and 

(2.18) Gh {x + ^y, r) = - log / ^ ■ 

277 a;2 + (j/-l)^ 

The normal derivative of Gd (z, •) at w e dD is equal to 2Hd (z, w). While we 
will not need this fact, we will need the following lemma that is used in the proof 
and that we will use when we prove a similar statement for the Green's function 
for ERBM. 

Lemma 2.4. 

/ Gu{e'\ei)Bine de = e + 0{e^) , 
Jo 

as e 0. 

Proof. See [8]. □ 
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Finally, if D2 C Di, it is easy to elicek that 

(2.19) Gd, (z, w) = Gd, [z, w) - [Gd, (^r^, , w)] . 

2.5. Chordal Loewner Equation. In this seetion, we outline the proof of the 
chordal Loewner equation for a simple curve growing in the upper half-plane as 
presented in [13 ' . Our purpose is both to motivate the proof we give of the analogous 
result in non-simply connected domains and to gather some preliminary results 
needed for that proof. The omitted proofs can be found in one of [13] or [8]. 

The Loewner equation we are interested in is a differential equation governing 
the behavior of the conformal map that maps the upper half-plane with a simple 
curve removed onto the upper half-plane. The next proposition shows that there is 
a unique such conformal map with a specified asymptotic at infinity. 

Proposition 2.5. If A (z Q, then there is a unique conformal map ■ Vl\A — > H 
such that 

lim [gA (z) - z] = 0. 

2—^00 

In particular, gA has an expansion near infinity of the form 
gA{z) = z + ^ + O (l^^r^^ , z ^ 00. 

The constant ai is called the half-plane capacity (from infinity) for A and is 
denoted heap (A). There are several different ways to compute heap (A). 

Proposition 2.6. Suppose A Cz Q, Bt is a Brownian motion in H, and r is the 
first time that Bt leaves W\A. Then for all z £ V\A, 

Im [z - gA (z)] = W [Im [Br]] . 

Also, heap (A) is equal to each of the following. 

(1) lim y-E'y [Im [B^]] . 

2r ie 

(2) — / E''^ [Im [Br]] sin 9 d9 for any r > such that ra.d{ A) < r. 

Jo 

We give one more interpretation of heap (A). 

Proposition 2.7. Let A € Q and D — M\A and for any Borel subset V of OA, 
define 

fJ-A (V) = lim y hmu (iy, V) . 
The following statements hold. 

(1) If Tad (A) < R, then ^ia (V) = — / hm^, {Re'" ,V) sin 6* d9. 

Jo 

(2) fiA is a measure. 



(3) heap {A) = J Im [z] dfiA {2 



Using Proposition 12.61 we can find a uniform bound on the difference between 
gA (z) and z + ^'^^p(^) terms of heap {A) and rad (A). 

Proposition 2.8. There is a c < 00 such that for all A E Q and \z\ > 2 rad (A), 

heap (A) rad (A) 



, , heap (A) 
• gA (z) + 



< c- 



\z\' 
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This result can be interpreted as a proof of the chordal Loewner equation at 
t = 0. That is, if we think of A as being the trace of a simple curve at a small 
time t, this result shows that the time derivative of gA at is equal to the time 
derivative of heap (A) at divided by z. 

In what follows, let 7 : [0, 00) C be a simple curve such that 7 (0) e R and 
7(0,00) C H. Let a{t) = heap (74) and assume (reparametrizing if necessary) 
that a {t) is C^. For each t > 0, let 7* := 7[0,i] and gt : IHI\7i ^ H be the 
unique conformal transformation satisfying lim gt (z) — z = 0. For each s > 0, 

let 7^ (t) = gs (7 (s + t)) and gs^t = 57|_s- Observe that gt = gs.t ° gs- The next 
proposition shows that gt maps the "tip" of 7^ to a unique C/f G M and that the 
resulting function t y-^ Ut continuous. 

Proposition 2.9. For all t > 0, there is a unique Ut & R such that 

lim gt {z) = Ut, 

z^7(t) 

where the limit is taken over z £ M\^t ■ Furthermore, 

Ut = lim gshit)) 

s—^t- 

and 1 1-^ Ut is continuous. 

The main tool in the proof of Proposition 12.91 is the following technical lemma. 



Lemma 2.10. There exists a constant c < 00 such that if < s < t < to < 00, 
then 

diam [gs (7 (s, t))] < c\J diam (7 [0, to]) osc (7, t- s, to) 

and 

hs - fftlL ^ cv'diam(7 [0, to]) osc (7,^-5,^0), 

where 

osc (7, 5, to) =sup{|7(s) -7(t)| ■.0<s<t<to;\t-s\<6} 
and gs — gt is considered as a function on IEII\74. 

The main tool in proving Lemma 12.101 is the Beurling estimate, which we will 
not discuss here. The proof also needs the following useful lemma. 

Lemma 2.11. Let A G Q and rad (A) = r. Then for all x > r, 



X < gA (x) < X + 



X 



and for all x < —r, 



a; H < <?A {x) < X. 

X 



Furthermore, if z £ H\A, then 

\gA{z)- z\<ZT&d{A). 

We also need the following lemma. 

Lemma 2.12. Suppose u : [0,io) — > C zs a continuous function such that the right 
derivative 

^ ^.^ u{t + e)-u{t) 
^ £^0+ e 

exists for all t £ [0,to) OLi^d is a continuous function. Then u' (t) = u'_^_ (t) for all 

teiO,to). 
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We state and discuss the proof of the chordal Loewner equation. 

Theorem 2.13. For all z G H\7tQ and < t < tg, gt (z) is a solution to the initial 
value problem 

(2.20) gtiz)^ "f^ 9o{z)=z. 

gt (z) - Ut 

An important observation that we will return to when we prove the analogous 
result for multiply connected domains is that the imaginary part of is 
equal to —'Ka{t) H^{z,Ut). Using the Schwarz reflection principle, we can show 
that p.20|) holds for a; € R as well. The idea behind the proof of Theorem 12.131 is 
to apply Proposition 12.81 to 

9s+e {z) - gs (z) = gs,s+e {gs {z)) - gs (z) 

to conclude that gs {z) has a right derivative equal to ^ {})lu then to apply 
Proposition 12.91 and Lemma [2. 121 

If t I— ^ J7t is a continuous function and t i— ?> a{t) is an increasing function, 
then a converse to Theorem 12.131 holds. More precisely, for each t > it is possible 
to find a Kt ^ Q and conformal map gt : Kt M such that 

■ f \ i \ 

9t [z) = So (z) = z. 

z- Ut 

A family of maps 174 arising in this way is called a generalized Loewner Chain with 
driving function Ut- While we will not make use of this important fact, we will 
need some facts about generalized Loewner chains. 

It can be checked that if gt is a generalized Loewner chain, then for all z G M\Kt, 

d (s) ds 1 



(2.21) g't{z) = exp\~ J 



{gs (z) - Usf j 

Using this, we can derive an estimate for the spatial derivative of gt restricted to 
the real line. 

Lemma 2.14. Let gt be a generalized Loewner chain and let rt > be such that 
7t C (7 (0)). Then there is a < c < 9 such that 

l-'4<9't{^)<l, 

for X € K with \x\ > 3rt. 

Proof See 0. □ 

We will need the following well-known result, which provides bounds for the 
derivatives of harmonic functions. 

Lemma 2.15. Let u be a real-valued harmonic function on a domain D d C For 
each k gN, there is a c{k) > such that if j < k is a non-negative integer, then 

\did^-^uiz)\<cik)distiz,dD)-''\\u\\^. 

We conclude the section by looking at the effect of applying a locally real con- 
formal transformation on the time derivative of the half-plane capacity of a contin- 
uously increasing Kt £ Q. This result is stated in fTS^ and a detailed proof can be 
found in [8]. 
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Proposition 2.16. Let F : Br (0) — > C 6e a conformal map that maps reals to 
reals and 7 be as in Theorem \2.13[ Then 

(2.22) lim ^^^P(^(^*))^f-(0)^d(0). 

t^o+ t 

In particular, the limit in (j2.22l) exists if and only if a (0) exists. 

3. Excursion Reflected Brownian Motion 

3.1. Definition. We start this section by giving a precise definition of excursion 
reflected Brownian motion in D y. Later we will see tliat for any D ^ y, there 
is a unique process satisfying the conditions of our definition. 

The Jordan curve theorem says that any Jordan curve rj separates C into exactly 
two connected components. We will call the bounded connected component the 
interior of rj and the unbounded connected component the exterior oi rj. If A C C 
is in the interior of 77, we will say 77 surrounds A. 

Definition 3.1. Let E = D U {Ai, . . . , An} be equipped with the quotient topology 
and let Eg — EU {Aq} be the one-point compactification of E. A stochastic process 
with state space Eg is called an excursion reflected Brownian motion (ERBM) 
if it satisfies the following properties. 

(1) B^^ has the strong Markov property. 

(2) // we start the process at z £ D and let 

T = ini {t : B^'^ (t) e dD} , 

then for < t < T , B^^ (t) is a Brownian motion in D killed at dD. 

(3) Let rji, . . . ,rjn be pairwise disjoint smooth Jordan curves in D such that rji 
surrounds Ai and does not surround Aj for j ^ i. If 

a = M {t : bE" (t) e Tj^} , 

then B^^ (cr) has the distribution of Ejji [Ai, ■), where Ui is the region 
bounded by dAi and rji . 

(4) B^^ is conformally invariant ( this will be made more precise in Proposition 
\3. 7\ ) and the radial part of -B^VD) ^'^'^ same distribution as the radial part 
of a reflected Brownian motion in C\D. 

We will often refer to ERBM in D or when we really mean the process with 
the enlarged state space Eg. 

3.2. Excursion Reflected Brownian Motion in C\1D'. The first step in con- 
structing ERBM is to construct it in E — C\DU {D}- We will mimic the construc- 
tion of Walsh's Brownian motion given in [3]. The idea of the construction is that 
if a process exists that satisfies Definition 13. 11 we can determine what its transition 
semigroup must be. Once we know what its transition semigroup must be, we use 
general theory to show that there actually is a process with that semigroup. Finally, 
once we have the process, we check that it actually satisfies Definition 13. II For the 
remainder of this section, let Aq = B. 

Since the radial part of ERBM has the same distribution as the radial part of 
reflected Brownian motion, to describe the semigroup for ERBM, we need the Feller- 
Dynkin semigroup for reflected Brownian motion. There is much in the literature on 
reflected Brownian motion and it is possible to define it in very general domains. 
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However, in C\D it is possible to give a simple construction. Let Bi and B2 
be independent one-dimensional Brownian motions and define reflected Brownian 
motion in H to be the process Bi + i\B2\- We can then define reflected Brownian 
motion in C\D to be the image of reflected Brownian motion in H under the map 
z I— e~*^ with the appropriate time change (taking this approach, it is still necessary 
to check that the resulting process is Feller-Dynkin). 

Proposition 3.1. Let be the Feller-Dynkin semigroup for reflected Brownian 
motion in C\D and he the Feller-Dynkin semigroup for reflected Brownian mo- 
tion killed when it hits D. If f (z Cq {E), define an operator Pt by 

(3.1) 



+ r°(/-/) (r,( 



where f {r, 9) = — 



underlying probability space B^^ 
time B^VD ^^^^ 



Ptf{r,e) = T^f{r, 

/ (r, 6) dO. If there is a Feller-Dynkin process B^-^ in C\D 
satisfying Definition \3.1\ its semigroup is Pt- 

Proof. Let Bt and Rt be respectively Brownian motion and reflected Brownian 
motion in C\D and let E, Ei, and E2 be the expectations with respect to the 
probability measures induced by i?c\D' ^t' ^^'^ respectively. Let be the 

Bt, and Rt are defined on and let r be the first 
5. With respect to the appropriate filtration, r is a stopping time 

JO]. Finally, let 

At^{uj ^Vt-.T <t} . 

By abuse of a notation, we will also denote the set of uj such that Rs has hit B 
by time t and the set of uj such that Bg has hit D by time t by At- Using (2) 
of Definition 13.11 we have that B^vd distribution of a Brownian motion 

up until time r. Using (3) and (4) of Definition 13.11 we have that on the set At, 
the angular part of B^<fj^ is uniformly distributed and the radial part is that of a 
reflected Brownian motion. Combining these facts, we have that if / e Co [E), 
then 



Ptf{x) = W f{B, 



-"CXI 



E^ 



lAj[B^^„{t)^ 
= E^[7(i?,)] +Ef [f{Bt)] 
= r+7(:r)+T°/(x)-E^ [Uj {Bt)] 
= Tt+7{r,9)+T^{f~J){r,e). 

In the second to last equality, we use the fact that by convention we define / (D) 
to be /(D). □ 

Next we show that Pt, as defined in Proposition l3.11 is a Feller-Dynkin semigroup. 
We will continue to use the setup given in the beginning of the proof of Proposition 

Proposition 3.2. Pt is a Feller-Dynkin semigroup on Cq (E). 

(1) Pt : Co {E) ^ Co [E) 

(2) If f eCo [E) andO< f <l, then < Ptf < 1. 

(3) Pq is the identity on Cq {E) and PtPs — Pt+s 



E^ 



1a-/ {Bc\^ (t) 

E^ [lA^JiRt)] ' 
E^ ' 



-Ef [lAjiBt)] 
1a J (SO] 



That 
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(4) lim \\Ptf - /ll^ - for all f e Co (E). 

Proof. If / e Co (E), then / is also in Co (E). We have 

\Ptf (r, 0) - Ptf (r', 0')\ < |T+7 (r, 0) - T+J (r', 0')\ 

+ \T^f{r,9)-T^f{r',0')\ 
+ \T^7ir,e)~T^7ir',0')\. 

The fact that Ptf is continuous fohows from the fact that T"/, Tff, and f are 
all continuous. Since both / and / vanish at infinity, so does Ptf. This proves (i). 
From the proof of Proposition 13 . II we have 

= Ef [lAJiRt]] +ET [lA^fiBt)] . 

If < / < 1, then 

0<E^ [lAJiRt)]+-Ef [lA^fiBt]] 
= 1, 

from which (ii) follows. 

It is clear that Pq is the identity on Co (E). Observe that 



PJ (r, 0) = T+f (r, 0) + T^f (r, 0) - f (r, 0) 

= T+J (r, 0) + r T^f (r, 0) d0 - T^J (r, 0) 
Jo 

= T+J (r, 0) + T°7 (r, 0) - T°7 (r, (?) 

and thus, 

PJ (r, 0) - 0) - TO (/ - 7) (r, 0) . 

Using these two facts and the fact that (iii) holds for and TjP, we have 
PtPsf (r, 0) - T+IV {r, e) + T," (P,/ (r, 0) - (r, 0)) 
= T+r+7 (r, (?) + TOT," (/ - 7) (r, 0) 

= r+J(r,0) + ro+, (/-7)(^^) 

= Pt+,/(r,^), 

from which (iii) follows. 

Since (i)-(iii) hold, by (say) Lemma III. 6. 7 of [20^, to prove (iv) it is enough to 
show that for all f E Cq (E) and z E E we have 

limP,/(z)=/(z). 
t->o 

Since T+ and T° satisfy (i)-(iv), we have 

lim Ptf (z) - Imr T+J (z) + lini T," (/ - 7) (z) 

^J{z) + {f{z)~J{z)) 
which proves (iv). □ 
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Using (say) Theorem III. 7.1 of [20], given any measure n on E, we can define a 
unique Feller-Dynkin process 



(3.2) 



B^^n :=(n,^,{^t:t>0}, {Bi^lit) : t > 0}, P' 



with, semigroup Pt- Furthermore, the filtration is independent of the measure fi 
and X has the strong Markov property with respect to ^t- We denote the angular 
and radial parts of B^^ at time t by 9t and Rt respectively. 

Next we check that the process B^^^ defined in (|3.2p satisfies Definition 13.11 



Proposition 3.3. B^^ has the distribution of a Brownian motion up until the 
first time it hits dD. 



Proof. This follows immediately from p.ip . 



□ 



Proposition 3.4. Rt has the same distribution as the radial part of a reflected 
Brownian motion in C\D. 

Proof. We mimic the proof of Lemma 2.2 in [3j. Let g G Cq ([1,00)) and define 
/ G Co {E) by / (r, 0) = g (r) . Observe that / = / and / (Xt) = g (Rt). If S is any 
^t-stopping time, then 

[g {Rs+t) \^s] = [/ (Xs+t) \^s] 
^Ptf{Xs) 

= T+7 {Rs, Os) + T° (/ - 7) (i?s, Os) 

^T+f{Rs..Os) 

^R+giRs), 

where Rf' is the semi-group for the radial part of reflected Brownian motion in 
C\]D). The resuh follows. □ 

Proposition 3.5. Let rj be a smooth Jordan curve surrounding D, U be the region 
bounded by rj and dO, and t be the first time B^<^ hits rj. If V is a smooth arc in 
rj, then 

^'"',{T)ev} = £u{B,V). 



B' 



Proof. Let Cc be the circle of radius e centered at the origin. Since it is clear from 
p.ip that B^^ is rotationally invariant, the result follows in the case that rj — C^. 

Let p (z) be the probability that a Brownian motion started at z exits U on rj. 
For small enough e, Cc is in the interior of rj. For such an e, using the strong Markov 
property for ERBM and Proposition l3.31 we see that 



2'Ka = 

'c, 
= 27ra 



27ra 



Hu {z,w) \dw\ + (1 — p (z)) a \dz\ 
Hjj {zjw) \dw\ ~ p (z) a \dz\ 
Hu {z , w) \dw\ — a / Hu{z,w)\dw\ 



\dz\. 
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As a result, for small enough e, we have 



is bounded in a neig 
we see that 

ScJv^^\M\dz\ 



Since the derivative of Hjj {-yw) is bounded in a neighborhood of D, using the 
dominated convergence theorem, we see that 



a — lim „ , , 

IcJ'r,^^\M\dz\ 

_ /g lyHdu {z,w) \dw\ \dz\ 

Ic\ In^9U iz,w) \dw\ \dz\ 
^ £u (B,y) 

£u (B, v) ■ 

□ 

Proposition 3.6. There is a unique process Feller- Dynkin process with state space 
E = C\D U {D} satisfying Definition lS.li Furthermore, this process can be defined 
so as to have continuous sample paths in the topology of E. 

Proof. Propositions 13.31 13.41 and 13.51 combine to show that the process defined in 
()3.2p satisfies Definition 13.11 The uniqueness statement follows from Proposition 
13.11 By construction, is an i?-process. Combining this with Propositions 13.31 

and 13. 4[ and the fact that Brownian motion and reflected Brownian motion have 
continuous sample paths, it is easy to check that the sample paths of are 
continuous. □ 

3.3. Excursion Reflected Brownian Motion in Conformal Annuli. Let A 

be any compact, connected subset of C larger than a single point and 

/ : C\D ^ C\A 

be a conformal map sending cx) to oo. It is a straightforward exercise to verify that 
/ is unique up to an initial rotation. Let at be the stopping time given by 

2 



ds — t 



and define 

B 



cvaW = /(Sc\LK)) 
and #t = .^^^ . We define ERBM in C\yl to be the process 

{n, ^, {#, : t > O} , {b^\1} , {P^}) . 

Since B^^ is rotationally invariant and / is unique up to an initial rotation, it is 
clear that the distribution of S^VA '^'^'^^ depend on /. It is also not hard to 
check that the strong Markov property is preserved (see the discussion on pg. 277 
of [IS])- To ensure that B^<^ (t) exists for alH < oo, we need to verify that 

(3.3) r\f'{BE\lis)] 



2 

ds = OO a.s.. 
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In order for (t) not to have a limit as t — >■ cx), we need to verify that for all 

t < oo, 

(3.4) f f(B^,^„(s)] 'ds<ooa.s.. 



We temporarily put these considerations aside. 

Proposition 3.7. Suppose f : C\D — > Di and g : Di — > D2 are conformal maps. 
Then the process 



where 

is an ERBM in D2. 
Proof. Let cr,. satisfy 







r\9' {Bf,^{s))\'ds = t 
Jo 

9' (/ {B^\lis)))f {b^\1{s)) 



ds = r 



and define a map T : [0, cr^] ~^ [Oj 00) by 



(3.5) 



1 







f Bi,l{s) 



ds. 



It is straightforward to verify that T is a bijection (we use p.4p here) onto [0, T ((7^)] 

2 

. Using the change of variables formula, we have 



with derivative 



9' (/ (<^o(^)))/' (<^o(^)) 

5'(B|f(r(s)))/'(i?^«(.)) ^ 



(is 



\g' {bE^ i.s))\' ds. 



As a resuh, (r) = 5 (S|f (T (ct^))) = 5 (^/ (^B^^^^ (ct^) j j and thus, the process 
in D2 defined by g is the same as the process defined by gof. The result follows. □ 

Proposition 3.8. The process B^^j^ satisfies Definition \3.1\ 

Proof. The 1st and 4th property have already been discussed. The 2nd property 
follows from the conformal invariance of Brownian motion and the 3rd property 
follows from the conformal invariance of excursion measure. □ 



If X is a closed subset of C\A it makes sense to discuss ERBM in C\A killed 
at K . Most often we will do this when X is a simple, closed curve 77 surrounding 
A and refer to the corresponding process as ERBM in D, where D is the region 
bounded by rj and dA. 
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3.4. Excursion Reflected Brownian Motion in Finitely Connected Do- 
mains. Let -D e 3^n and iji, for 1 < z < rt, be as in Definition 13.11 Denote the 
domain bounded by rji and dAi by Ui. We will now define a process in D 

satisfying Definition 13.11 Intuitively, we define (t) pathwise to be a Brownian 
motion up until the first time it hits an Ai , then let it be an ERBM in Ui until it hits 
r]i, then let it be a Brownian motion until it hits another Ai and so on. Adding rigor 
to this intuition is not hard, but is notationally cumbersome. For i = 1, 2, . . . , n 
and j ~ 1,2,... let _B^.^ be an ERBM in Ui started at Ai and Bj be a Brownian 
motion in C started at the origin. We can construct these processes on the same 
probability space 17 so that they are all independent. Let z G E = D\J{Aq, . . . , An} 
and define 



'z ift = 

^0 if t > T 

Bj^"' {aj) + B^ (t - a^) if < i < r. 



3 



where 



Bu! - ^j) where B^^ (r,) = A, if Tj <t< a^+i 

T = inf{t:S|^ (0 e Ao}, 
CTl =0, 

<jj = inf {t > r,_i : B^" (t) G V^} for J > 2, 
Tj = inf > a J : B^^ (t) G Ai for some i} . 

It is not hard to check that the distribution of Bj^^ (t) does not depend on the 
choice of r/i and that B^^ (t) satisfies Definition 13.11 



3.5. A Markov Chain Associated with ERBM. Let hj be the unique bounded 
harmonic function on D that is equal to 1 on dAj and on dAi for i ^ j (note 
that hj (z) is the probability that a Brownian motion started at z exits D at Aj). 
ERBM on D induces a discrete time Markov chain X with state space {Aq, . . . A„} 
(see jl4^ pg. 37). The probability that the chain moves from Ai to Aj is equal to 
the probability that Aj is the first boundary component of D that Bf/^ started at 
Ai hits after the first time it hits rji. That is, the chain has transition probabilities 
Poo = 1 and 

f h f \ ^du, {Ai,z) 
= / (z) \dz\ , 

for i ^ 0. This Markov chain is not entirely satisfactory since it is highly dependent 
on the particular choice of 771, . . . , ?7„. However, this chain does induce another chain 

Y with transition probabilities 

Pij 

for i j- Y is obtained from X by erasing all of the loops and it is not hard 
to see that its transition probabilities are independent of the choice of 771 , . . . , 77„ . 
Since qjo > for all 1 < j < n, the eigenvalues of the transition matrix, Q, for 

Y restricted to Ai,...,An have absolute value strictly less than one and, using 
standard results from Markov chain theory, we have that the Green's matrix 

(3.6) I + Q + Q2 + . . . + Q" + . . . = (I - Q)-i . 
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is well-defined. 

3.6. Excursion Reflected Harmonic Functions. 
Definition 3.2. A function 

v: E^m 

is called ER-harmonic if it satisfies 

(1) V is continuous on E and is harmonic when restricted to D 

(2) For 1 < i < n, if "q is a Jordan curve surrounding Ai, then 

(3.7) v{A,)^ I v{z) ^f'''}f'''^ \dz\, 



V 



where Ui is the region bounded by rj and dAi 



If it is clear what is meant, we will sometimes speak of the ER-harmonicity of a 
function with domain D rather than E. By an ER-harmonic function on D — {z} 
or D — {Ai} we mean a function that satisfies Definition 13.21 except that (2) is not 
necessarily satisfied for curves surrounding z and Ai respectively. 

The following is a useful criterion for a function to be ER-harmonic. 

Lemma 3.9. Let rj and rj' be smooth Jordan curves surrounding Aj and not sur- 
rounding Ai for i ^ j ■ Then for any harmonic function v on D we have 

(1) 



I v{z)\dz\= [ -^v{z)\dz\ 
Jr, dn J,y dn 



(2) 



where n is the outward pointing normal 



d 



v{z)H9u^{Aj,z)\dz\=viAj)£u^{Aj,r])+ J —v{z)\dz\, 

where Uj is the region bounded by rj and dAj . In particular, if v is contin- 
uous on E, then v is ER-harmonic if and only if for each i there is an rji 
surrounding Ai with 



I ^v{z)\dz\=Q. 



Proof See [TT pg. 17. □ 

As with harmonic functions, if we specify suitable boundary conditions, there 
is a unique ER-harmonic function with these boundary conditions. The key to 
proving this uniqueness is a maximal principle for ER-harmonic functions. 

Lemma 3.10 (Maximal principle for ER-harmonic functions). Let v : EUdAo — > R 
be a bounded, continuous function that is ER-harmonic when restricted to E. Then 

(1) The maximum of value of v is equal to the maximum value of v restricted 
to OAq. 

(2) // there is a z Cz E such that v attains its maximum at z, then v is constant. 

Proof. It is clear that (2) implies (1), so it is enough to prove (2). Let z be a point 
where v attains its maximum. If z G D, then by the strong maximal principle for 
harmonic functions [9 , v is constant, li z = Ai, then using p. 71) it is clear there is 
some z' Cz D where v also attains its maximum and thus, v is constant. □ 
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Proposition 3.11. Suppose that OAq has at least one regular point for Brownian 
motion and let F : OAq — >■ M 6e a bounded, measurable function. Define 

by 

where To is the first time an ERBM hits Aq. Then v is a bounded ER-harmonic 
function on D that is continuous at all regular points of dA^ at which F is contin- 
uous. Furthermore, if every point of OAq is regular and F is continuous, then v is 
the unique ER-harmonic function that is equal to F on . 

Proof. It is clear from the fact that F is bounded that v is also bounded. The 
proof that v is harmonic and continuous at the regular points of A^ at which F is 
continuous is similar to the proof of the corresponding result for Brownian motion 
(see 19]). The fact that ()3.7|) holds follows from the strong Markov property 
for ERBM and (3) of Definition 13.11 The uniqueness statement follows from a 
straightforward application of Lemma 13.101 □ 



4. The Poisson Kernel for ERBM 

4.1. Definition and Basic Properties. Throughout this chapter let D G J^n be 
such that Ao ^ and let 

TD - inf {t e M+ : (t) e dAo] . 

The distribution of B'j^^ [td) defines a measure hm^^ [z, ■) on (with the a- 
algebra generated by Borel subsets of OAq) that we call ER-harmonic measure in 
D from z. Using the analogous result for harmonic measure and the construction 
of ERBM, it is easy to check that if dD is locally analytic at w, then hm^^ {z, ■) 
is absolutely continuous with respect to arc length in a neighborhood of w. The 
density of hm^''^ {^t') w with respect to arc length is called the Poisson kernel 
for ERBM and is denoted H^^ [z, w). 

If 7 : (—(5, 5) OAq, 7 (0) = w is an analytic curve, then we can explicitly define 
a version of [z, w) by 

(4.1) HE-{z..)^^n. yfl^;^\-f\ 

e->0 I7' {x)\ dx 

It is clear that this definition is independent of 7. In what follows, when we refer 
to {z,w), we will mean the version given by (|4.ip . 
An analog of I^A} holds for {z,w). 

Proposition 4.1. If f : D D' is a conformal transformation such that dD is 
locally analytic at w and dD' is locally analytic at f (w), then 

HEf" (/ {z) , / {w}) = I/' {w)\-' HE"" {z, w) . 

Proof. Since ERBM is conformally invariant, hm^^ (z, •) is conformally invariant. 
Combining this with the change of variables formula, the result follows. □ 
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Recall that hi (z) is the unique bounded harmonic function on D that is 1 on 
dAi and on dAj for j ^ i- If is a Borel subset of dAo, then using the strong 
Markov property for ERBM, we see that 

n 

hmg^ (z, V) = hmo {z, V)+J2h^ (z) hm™ {A,V) . 

i=l 

Combining this with (|4.ip . we see that 

n 

(4.2) HE^ {z, w) = Hd {z, w)+Y,h^ (z) {A,, w) . 

i=l 

Using ()4.2p . it is sometimes possible to explicitly compute {z,w). We do this 
calculation in the case that D is an annulus. 

Proposition 4.2. If r > 1 and A^-r ^ is the annulus with OAq = 9ID) and dAi — 
d{e-''TD)), then 

^e-.i V 'J 27rr 0. L^ci. l^^(^+2^fc)A 



fcez 2r I cosh I 

Proo/. See [8]. □ 

4.2. Some Poisson Kernel Estimates. In this section, we gather some estimates 
for the Poisson kernel for ERBM that we will need in Chapter |6l 

It is possible to compute Hj^^ {Ai, •) in terms of the boundary Poisson kernel 
and excursion measure. To do this, we will need an analog of (|2.6I) for {z, ■). 
Namely, if D2 C Di are domains in y such that dD2 and dDi agree in a neighbor- 
hood of X, the strong Markov property for ERBM gives 

(4.3) (w, x) = (w, X) E- [hE^ {Br^^ , x)] . 

Let r* be the first time an ERBM hits a boundary component of D other than 
dA,. The distribution of (r*) defines a measure on dD. The next lemma com- 
putes the density of this measure restricted to OAq. In Lemma 14.31 and Proposition 
14.41 we suppose that D has locally analytic boundary. 



Lemma 4.3. If 1 < i < n, then 

Hqd {Ai,w) 



T^{W) 



Y.,^,Ed {A,, a,) 

is a density for the distribution of BE^ (t*) restricted to OAq. 

Proof. Let rji be a smooth Jordan curve surrounding Ai and not surrounding Aj 
for j i and let Ui be the region bounded by dAi and rji. Using (1), (2), and (3) 
of Definition 13.11 and the definition of pa , we see that 

^ J^^Hd {z, w) Hqu, {Ai, z) \dz\ 

is a density for the distribution of BE^ (t*) restricted to dA^. The strong Markov 
property for ERBM implies 

(4.4) / HD{z,w)HduAAi,z)\dz\ = HaD{A,,w) . 
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Using (|4.4|) . we have 

Hsu, {Ai,z)\dz\ 



J2 HDiz,w)HouAAi,z)\dw\\dz\ 
J2 / HDiz,w)HauAA^,z)\dz\\dw\ 
V / Han {A,,w) \dw\ 



The result follows. □ 

The following proposition follows immediately. 

Proposition 4.4. Fix w G OAq and let H be the n x 1 vector with ith component 
equal to {Ai, w), T be the nx 1 vector with ith component equal to Ti {w), and 

Q be as in Section \3.5i Then 

H = T + QT + Q^T + . . . = (I Q)^ T. 



Next we prove the analog of Lemma [2?2] for (^i ■)• 

Proposition 4.5. Let D Cz y* be a domain with piecewise analytic boundary and 
such that dD and dM agree in a neighborhood ofO. If \z\ > 2e, then 

(4.5) H^i^ (z, ee'^) = 277|« (z, 0) sin 9[l + (e)] , e ^ 0. 
Furthermore, for any r > 0, O (e) is uniform over all z (zM such that \z\ > r. 

Proof. For 1 < i < n, let /i| (z) be the unique bounded harmonic function on D'^ 
that is 1 on dAi and on the other boundary components of D*^ and let qlj be 
the probability that the Markov chain induced by moves from Ai to Aj . Let 
T/ (w) be the density introduced in Lemma [4.31 for B^P , be the n x 1 vector 
with ith component Tf (ee*^), Q*^ be the matrix with ij entry qf^, and H"^ be the 
n X 1 vector with ith component H§P (Ai,ee*^). Proposition 14.41 implies 

(4.6) = (I-Q^)~^T^ 

Let Q = Q° and H = H". Using ([21]) and ([2T0l) we see 

(4.7) h,{z)^ht{z) + 0{e'), 

where O (e) is uniform over all z S HI such that |z| > r. It follows that Q*^ = 
Q + O (e^) . Since inversion of matrices is a smooth operation (and in particular, 
Lipschitz), we conclude 

(4.8) (I-Q^)-^ = (I-Q)-^ + 0(e^). 
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Substituting (|4.8p into (|4.6p and using p.l3p . we obtain 
= (I Q')~^T" 



2 sine 



\l-Q)-' + 0{e')]T[l + Oie)] 



= 2sme{l-Qy^T[l + 0{e)] 
(4.9) =2sin0H[l + O(e)]. 

Finally, using (|4.7I) . (14. 9p . and Lemma [^?^ we see 



= Hd^- {z, ee'') (^) H'^i? (A,, ee' 



i=l 



= 2sin( 



2sin( 



HD{z,0) + Y,h^ {z)hE'^ (A„0) 



[l + 0(6)] 



fl + 0(e) 



2sin6' i7|^ (z,0) [1 + O (e)] 



□ 



For any < r < i?, there are bounds for H^^ {z, 0) and H^^ (z, x), for > 2_R, 
that are uniform over all D G y* that agree with H outside of Ar,R. 

Lemma 4.6. Let D e y* be such that B+ (0) C D and z e D for all z ^ (0) . 

Then there are constants CrjCR < oo such that for each 1 < i < n, {Ai, 0) < Cr 
and, if \x\ > 2R, H^" {A^,x) < crx'^ . 

Proof. Fix j and let ai be the first time started at Aj hits dB^^^ (0) and, 

for fc > 1, let (Tfc be the first time after ak^i that B^,^ has hit an Ai with i > 1 
and then returned to dB^^^ (0). Let p„ {9} be the density for the distribution of 

((Tn) conditioned on (t„ < oo and g„ be the probability that tT„ < oo. Using 
the strong Markov property for B^^ and (|2.2p . we see 



(4.10) 



HE"" (A,, 0) = E 2 / ^^'■/^^ °) ^" 

^ 1 . I' 



<E9" 

n=l 



i^H((r•/2)e^^O)p„(0) d0 

— P« (0) de 



To complete the proof, it is enough to show that X^^i 9" ^^^^ than infinity. If 
cr„ < oo, in order for Un+i to be less than infinity, a Brownian motion started on 
(^) ^^^^ have to hit dB^ (0) before it hits the real line. It is easy to verify 
that there is a p < 1 uniformly bounding the probability of this event. It follows 
that Qn < and hence, 9" — i?^- This proves the first statement. 
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Observe that ([231) implies i/e (^e*^, a;) < ^ for all 9 and x such that > 2R. 
Using this fact, the proof of the second statement is similar to the proof of the first. 

□ 

Lemma 4.7. Let D £ y* and suppose that (0) C D. Then there is a constant 
Cr > such that H^^ (-2,0) < for all z with \z\ > r. If w D for all w £ M 
such that Im [w] < r' , then there is a constant Cr' > such that Hd {z,x) < c^' for 
all z with Im [z] > r' and a; G R. 

Proof. An ERBM started at z G D with \z\ > r has to hit 95+ (0) before it can 
hit 0. As a result, the strong Markov property for ERBM implies that to prove the 
first statement, it is enough to find a bound for iJ™ (-,0) restricted to dB+ (0). 
Since 

n 

(re^^ 0) = Ho (re^^ O) + hE"" {A,,0) , 

the necessary bound follows from Lemma 14.61 and the fact that 

HD{re'',0) <HM{re'\0) < — . 
The proof of the second statement is similar. □ 



There is an analog to Lemma [2.31 for ERBM. 

Lemma 4.8. Let D E y* and define fz [x) :— HE^ {z, x). There is a c > such 
that if X E M. and r < \z ~ x\ are such that (x) C D, then \ f!, {x)\ < cr~^ . 

Proof. We may assume without loss of generality that x — 0. Define fi (x) to be 
equal to HE^ (^i: 2;). Since 

n 

fz (x) = Hd {z, x)+^h, (z) f, (x) , 

i=l 

using Lemma 12.31 to complete the proof it is enough to show there is a c > such 
that // (0) < cr^^ for all 1 < i < n. Using (|4.10p (and the notation preceding it), 
we have 

ir r 1 

fdx) = J2Qn 2/ Hn{ir/2)e''',0)p^{e) de . 

n=l L "^0 

Differentiating both sides of this equation and using the bounded convergence the- 
orem. Lemma [2.31 and the computation following (I4.10p . the result follows. □ 



The next lemma gives an estimate on the effect on the Poisson kernel of removing 
a compact H-huU from a domain D. 

Lemma 4.9. Let D E y be such that Aq = C\M and suppose that there are real 
constants < r < R such that w E D for all w ^ Ar,R and a constant r' such that 
w E D for all w £ M with Im [w] < r' . Let A be a compact M-hull contained in 
S+2 (0). // |a;| > rad (A) + ^rad {A) and \ z\ > r, then there is a c > depending 
only on r, r' , and R such that 

hE" (2, x) - hE\a {z, x) < cHE" (2, 0) rad {A) . 

Furthermore, if \x\ > 2R, there is a c> depending only on r and R such that 

HE^ {z, x) - HE^a a;) < cHE^ {z, 0) x'^ rad {Af . 
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Proof. Using ()4.3|) . we see that 



by the probabihty that an 



Let e = rad(A). We can bound W H^'^ 

ERBM started at z hits dBf (0) before leaving D multiphed by the maximum 
value of HEi^{-,x) restricted to dB^ (0). Proposition 14.51 implies the probability 
an ERBM started at z hits dB^ (0) before leaving D is 

(4.11) 4eiI^^(z,0)[l + O(e)]. 
Next, recall that 

n 

(4.12) HE"" (ee'^ x) = Ho (ee^^ x) + ^ /i, (ee'") HE"" {A, x) . 

i=l 

Since Hd (ee*^,a;) < (ee*^,a;), (|2.3p implies Hd (ee*^,a;) is uniformly bounded 
for \x\ > e + ^/e and less than a constant depending only on R multiplied by ea;~^ 
for \x\ > 2R. The remark following (l23|) implies J27=i ^» (^e'*') = O (e) as e ^ 0. 
Lemma 14.71 implies HE^ {Ai, x) is bounded by a constant depending only on r' for 
all X and Lemma 14.61 implies HE^ {Ai, x) is bounded by a constant depending only 
on R multiplied by x^'^ for > 2R. Combining these facts with (|4.11l) and (|4.12p . 
the results follow. □ 

4.3. Conformal Mapping Using HE^{-,w). Recall that a domain is called a 
chordal standard domain if it obtained by removing a finite number of horizontal 
line segments from the upper half- plane. It is a classical theorem of complex analysis 
P] that every D G 3^„ is conformally equivalent to a chordal standard domain. 
Furthermore, this equivalence is unique up to a scaling and real translation. In 
this section, we discuss the relationship between this conformal equivalence and 
HE^ {'jw). In what follows, assume that dAo is locally analytic a.t w E OAq. 
There is an analytic characterization of HE^ i'^"^) ■ 

Proposition 4.10. HE^ (■, w) is up to a real constant multiple the unique positive 
ER-harmonic function that satisfies HE^ {z,w) as z w' for any w' G OAq 
not equal to w. 

Proof. Using (|4.2p . we see that HE^ (•, w) is harmonic on D. If F is a Borel subset 
of OAq, then it follows from the strong Markov property for ERBM and (3) of 
Definition 13 . 1 1 that hm^''^ ('i ^) is ER-harmonic. As a result, if 7 is as in (|4.ip and 
rj and Ui are as in Definition 13. 2[ then 

i^r(A.^)^iim /"-ffi-^;;^(-;-» 

e^o J_ |7'(a;)| ax 

/■ hmg^ (z, 7 (-£,£)) H9uAAr,z) 

- ' /!J7'(.)I dx • -I^^AA-vV 



>0 



Hd {z,w)- \dz\ 



where the last equality follows from the Harnack inequality and dominated con- 
vergence. This proves that HE^ i'lW) is ER-harmonic. It is clear from (|4.2I) and 
Proposition 12.11 that HE^ i'^^) has the required asymptotics at OAq. 
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Suppose / is another positive ER-harmonic function that satisfies / (z) — >■ as 
z — > for any w' G OAq not equal to w. The function 

n 

g(z) ■.^f(z)-Y^K {z)f(A,) 
i=i 

is a harmonic function with g{A.i) = for each 1 < i < n that has the same 
boundary conditions as / at 9^0- It foUows from Proposition 12.11 that there is a 
c > such that g (z) = cHr, (z, w). As a result, (|4.2p implies / (z) — cH^^ (z, w) 
is an ER-harmonic function that is on Aq and thus, by the maximal principle for 
ER-harmonic functions, / (z) = cH^^ (z, w) for all z ^ D. □ 

Theorem 4.11. Let Z? G 3^n a^ic' suppose OAq is a smooth Jordan curve (in the 
topology of E) such that there is no Jordan curve in D with Aq in its interior. 
If w Cz OAq, then there is a D' d and conformal map f : D ^ D' with 

f {w) = oo such that Im [/ (z)] = {z,w). Furthermore, if g is another such 

map, then there are real constants r, x such that g = rf + x. 

Proof. Using Lemma l3.9l and (say) Proposition 13.3.5 of T , we see that a harmonic 
function h that is continuous on E is the imaginary part of a holomorphic function 
if and only if it is ER-harmonic. It follows that if D' e C3^„ and f : D ^ D' 
is a conformal map with / (w) — oo, then the imaginary part of / is a positive 
ER-harmonic function such that / (z) — >■ as z — > w' for any w' ^ w. By Propo- 
sition I4.10| this implies that the imaginary part of / is a real constant multiple 
of ('i w). Combining this with the fact the imaginary part of a holomorphic 
function determines the real part up to a real additive constant, we obtain the 
uniqueness statement. 

The existence of / is a classical result of complex analysis. The map can also be 
explicitly constructed using i'lW) (see [8] for details). □ 

5. The Green's Function for ERBM 

5.1. Definition and Basic Properties. Throughout this section, let D E y be 
such that it is possible to define a Green's function Go (z, w) for Brownian motion. 
Recall that we normalize Gd (z, •) so that it is a density for the expected amount 
of time a Brownian motion started at z spends in a set before exiting D. 



Definition 5.1. 



Gg« (z, .) : E 



'D 

is a Green's function for ERBM if for any Borel subset V d D 



(5.1) iV) 



r ly it)) dt] = f Gg« (Z, W) dw, 

Jo J Jv 



where tz, = inf {i : « {t) e OAq} . 

Using the definition of ERBM and the analogous fact for Brownian motion, it is 
easy to prove that the probability that ERBM started at z is in a set of Lebesgue 
measure zero at some fixed time is 0. Combining this fact with Fubini's theorem, 
we see that if V has Lebesgue measure zero, then 



^iz iv) = r p^ {sf « (t) ^v]dt = 0. 

Jo 
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As a result, we can define Gf)" (z, •) as a Radon-Nikodym derivative. Furthermore, 
we have 



(5.2) Gf^(z,w) = Urn 



f«(.,-) = lim^^4|f^ 
m {B {w, e)) 



is a Green's function for ERBM, where m is Lebesgue measure. A priori, there is 
no reason the Green's function as defined cannot be infinite on a set of positive 
measure. This potential issue will be resolved by Proposition [SH] and (|5.8p . 

We have only given a probabilistic definition of Gfj^ {z, •) and our definition 
is unique only as an element of (D). It is also possible to give an analytic 
characterization of Gf)" (2, ■)■ More specifically, we will prove that there is a version 
of G'g^(z,-)thatis the unique ER-harmonic function on D — {z} satisfying certain 
boundary conditions (that depend on whether or not z is equal to some Ai). In 
particular, this will allow us to talk about "the" Green's function for ERBM rather 
than "a" Green's function. We start by proving an analog of ()4.2p for G^" {z, •) . 

Proposition 5.1. 

n 

Gd {z,w) + Y,h^{z)Gf,'' {A,w) 

i=l 

is a version of G^f {z, ■). 

Proof. This follows easily using the strong Markov property for ERBM and the fact 
that up until the first time it hits dD, ERBM has the distribution of a Brownian 
motion. □ 

As we expect, Gf," (z, •) is conformally invariant. To prove this we need the 
following lemma, which is a straightforward exercise in measure theory. 

Lemma 5.2. If g E [D), then for all Borel V C D we have 



Tlv {BE"it))g{BE"it))dt 
Jo 



GE" {z, w) g {w) dw. 

V 



Proposition 5.3. If f : D ^ D' is a conformal map, then 



gE" (f-Hz) J-H-)) 

is a version of GE^ {z, •)• 

Proof. It is enough to show that GE" (/^^ i-^) ' /^^ (')) satisfies (|5.ip for all open 
subsets of D'. Let V' be an open subset of D' and V = f^^ {V)- Using Lemma 
and the change of variables formula, we have 



Gg« {zj-'{w))dw 



Gf^ {z,w)\f'{w)\Uw 



(5.3) 

Let 

(5.4) 



u{t) 



\lv{BE"it))f' {BE"{t))\'dt 



r {BE'' is))\^ds. 
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Substituting u ^ (r) for t and using the conformal invariance of ERBM, we see that 
(|5.3p is equal to 



(5.5) W 
which completes the proof. 



Iv (t)) dt 



□ 



In the proof of Proposition 15.31 observe that we can only conclude that (|5.3I) is 
equal to (|5.5I) if (|5.4p is almost surely finite for all i < oo. This will be addressed 
when we prove (|3.4p . 

In order to prove i^i ) is ER-harmonic, we will need to be able to compute 
Gai^-t {z, •)• Using Proposition l5.1[ to do this, it is enough to compute (^i, •) . 

Lemma 5.4. Let A\^r G he the annulus with = D and OAq = dBr (0) for 
some r > 1 and Bt be a Brownian motion in rD. IfV is a Borel set bounded away 
from Ai, then 



E 



At 



(t)) dt 



E" 



Iv [Bt 



dt. 



where tai ^ and t^d are respectively the first time B^^^ leaves A\^r and Bt leaves 
rD. Furthermore, we have 

-logN+logr^ 

Proof. Since V is bounded away from there exists an e > such that V is 
contained in the region bounded by the circle 

C, = {z e C : |z| = 1 + 

and the outer boundary of A\^r- Let cti = 0, be the first time after (jj that B^^ 
hits Ce, and for j > 1 be the first time after rj_i that B^ hits A^- Similarly, 
let a\ = 0, Tj be the first time after a'j that Bt hits C^, and cr^- for j > 1 be the first 
time after Tj_^ that Bt hits the circle of radius 1, and (j[ = 0. It follows from the 
strong Markov property for ERBM and (3) of Definition l3.1l that given that Tj < oo, 
the distribution of B^^^ (tj) is uniform on Ci+c. It is an easy exercise to check 
that given that rj < oo, the distribution of Brj is uniform on Ci+c. Using these 
two facts, the strong Markov property for ERBM, and the fact that an ERBM has 
the distribution of a Brownian motion up until the first time it hits the boundary 
of Ai r, we see that 



E 



it)) dt 



E 



ly [BrB (t)) dt 



Combined with the fact that 



it)) dt 



E 



IV iBrB it)) dt 



= 0, 



the first result follows. 

Using the first part of the proposition, we see that 

Gf« (Ai,z) = aD (0,z). 

Combining this with (|2.17p . the second part of the proposition follows. 



□ 
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A quantity that will help us understand Gf/^ (z, •) is the density for the amount 
of time ERBM started at Ai spends in a set from the time it hits a curve r]i 
surrounding Ai until the time it hits dD again. The next lemma establishes the 
existence and some properties of this density. 



Lemma 5.5. For i = 1, . . . ,n, let rji and Ut be as in Definition \3.1[ The function 
T, (w) {A,w) + [ Gd {z, w) \dz\ , 

where by convention we let G^^ {Ai^ w) = for w ^ Ui, has the following properties. 

(1) Ti (w) is a density for the expected amount of time ERBM started at Ai 
spends in a set up until T2, where T2 is as in Section \S.4\ 

(2) Ti {w) is harmonic on D\rji 

\ f d 

(3) If i ^ j, then — / — — T,; {w) \dw\ — pij , where n is the outward-pointing 



normal and pij is as in Section \3.5\ 
(4) // r][ is a smooth curve in the interior of Ui that is homotopic to rji , then 

^ ^ -J- Ti (w) \dw\ = Pa - 1. 
dn 

Proof. It is clear using the strong Markov property for ERBM, the fact that ERBM 
has the distribution of a Brownian motion up until the first time it hits dD, and 
(3) of Definition 13.11 that the first statement holds. 

Denote the second summand in the definition of Ti (w) by Si (w). If w ^ rji 
and e is small enough such that B{w,e) does not intersect r]i, then using Fubini's 
theorem and the fact that Go {z, ■) is harmonic, we have 



\dz\ 



Hau, iAi,z] 
Si (w) . 



2tt 



2tt 

Gd {z, w) \dz 



Gd {z,w + €e''')de 



de 

dz\ 



This shows that Si (w) satisfies the spherical mean value property at w and, thus, 
is harmonic on D\rji. It follows that to finish the proof of the second statement, we 
just have to show that G^^ [Ai, ■) is harmonic away from rji. Let fi : Ai ^.. — > Ui 
be a conformal map mapping the outer boundary of Ai^^ to the outer boundary of 
Ui. Using Proposition 15.31 and Lemma we see that 

(5.6) iA.M ^ G-D- (A,, /. M) = -l"Sl/-MI+logr. _ 

' TT 

Since log|z| is harmonic and precomposing a harmonic function with a conformal 
map yields a harmonic function, Gfj^ {Ai, •) is harmonic away from r]i. 

The proof of the third statement uses the fact that if z is in the exterior of rjj , 
then 

d 

dn 



(5.7) / —GD{z,w)\dw\=2hj{z)^ 
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In the case that dAj is a smooth Jordan curve, this is true because the normal de- 
rivative of Gd {z,w) is 2Hd {z, w) on dAj and the integral of the normal derivative 
of a harmonic function is the same over any two homotopic curves. If the boundary 
of Aj is not a smooth Jordan curve, we can map D conformally to a region where 
the image of dAj is a smooth Jordan curve [7 and use the conformal invariance of 
the Green's function, the change of variables formula, the fact that conformal maps 
preserve angles and the result in the case that dAj is a smooth Jordan curve. If 
i =/= j, using Fubini's theorem, the dominated convergence theorem, and (j5.7p . we 
have 

A T4») w ^ I J; ^ Co |..| W 

Hou. {Ai,z) f d MJ I ij I 

Hau, {Ai,z) , . I I 
= 2p,j 

The proof of the fourth statement is similar to the proof of the third statement 

f d 

and will rely on calculating / — G/j (z, w) \dw\ . If z is a point in the interior of rj': 

and is a smooth Jordan curve in the interior of ri[ such that z is in the exterior of 
rj^ , then by setting up the appropriate contour integral and using Green's theorem, 
it is not hard to see that (with the normals appropriately oriented) 

f d f d C d 

I — Gd {z,w)\dw\ ^ / — GD{z,w)\dw\+ I — (z, w) . 
J^/ dn J,j'^ dn Jb^z) dn 

Using (j5.7p and the fact that Go (z, w) = ^]2Sllp£l (y;)^ where gz is harmonic 
on Z?, we have 

d f d C d 

— Gd {z,w)\dw\ = — Gd {z,w)\dw\ + —GD{z,w)\dw\ 
, dn J^'^ dn J b.(z) dn 

/ N f d log \z — w\ , , , 
= 2h,{z)- / ^ ^-\dw\ 

JB(z,e) dn TT 

= 2 {h, (z) - 1) . 

Using this and arguing as in the proof of the third statement, we have 

{h, (z) - 1) \dz\ 



£ui {Ai,ri) dn 
HdUi {Ai,z) 

rj, {A.,,T]) 
2 {p^^ - 1) . 



□ 



We have all of the tools necessary to prove that Gf/^ (z, •) is ER-harmonic. In 
what follows, we continue to use the set up of the previous lemma. 
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Proposition 5.6. There are versions of Gf)^{-,z) and G^^ {z,-) that are ER- 
harmonic on D — {z}. 

Proof. Using ProDOsition l5.ll in order to show tliat tliere is a harmonic version of 
Gf)^ (z, •), it is enough to show that there is a harmonic version of Gf/^ {Ai, •) for 
each 1 < i < n. Let T be the vector function with ith component Ti (w) and let D 
be the diagonal matrix with ii entry j^J^ . Using the strong Markov property for 
ERBM and Lemma [5?5l we see that DT is the vector function whose ith component 
is the density for the expected amount of time ERBM started at Ai spends in a set 
up until the first time it hits an Aj with j i. Using (j3.6p and the strong Markov 
property for ERBM, we see that the zth component of 

(5.8) DT + QDT + Q2dT + . . (I -Q)^DT 

is a version of {Ai, •). Since (•) is harmonic away from each rji, it follows that 
there is a version of Gf,^ {Ai, •) that is harmonic away from each ry^. By choosing 
different rji 's and repeating this procedure, we can get a version of Gf)^ {Ai,-) that is 
harmonic away from a sequence of Jordan curves rj'^, . . . ,r)'^ which are disjoint from 
each rji. Finally, since any two versions of G^^ {Ai, •) are equal almost everywhere, 
we can find a version of G^^ {Ai, •) that is harmonic everywhere. 

Using (3) and (4) of Lemma [531 and the fact that the ith component of (|5.8p is 
a version of G^^ {Ai, •), we see that 

(5.9) / ^ Gl''{M,w)\dw 

It is easy to see using its definition and (|5.6p that each Ti {■), and thus each 
G^^ {Ai, ■), can be extended to a continuous function on E. Combining this with 
Lemma we have that that there is a version of Gf)^ {Ai, •) that is ER-harmonic 
on D — {Ai}. Finally, using (|5.7p . (|5.9p . and Lemma [3791 it follows that the version 
of Gf)^ {z, •) defined in Proposition [5lT] is ER-harmonic on D — {z}. 

An argument similar to the one showing that (■? ^) is ER-harmonic shows 
that Gf)^ {■,z) is ER-harmonic. □ 

We can now give an analytic characterization of Gf)^ (2, •)■ 

Proposition 5.7. If z E D, then Gf,^ {z, •) is the unique ER-harmonic function 
on D — {z} satisfying 

• Gg«(z,u.) = -i2d^ + 0(l) asw^z 

• Gf)^ {z, ui) — ?> as w ^ w' for any w' £ OAq. 

Furthermore, Gf)^ {Ai, •) is the unique ER-harmonic function on D — {Ai} that is 
equal to G^^ {Ai,Ai) on dAi and on dA^. 

Proof. If z G D, the asymptotics for Gf/^ {z, •) at the boundary are clear and 
the asymptotic at z follows from Proposition 15.11 and the corresponding result for 
Gd {z, •)• The uniqueness follows from a proof similar to the corresponding result 
for Gd •) (see [13j, pg. 54). The second statement follows from an extension of 
Proposition 13. Ill □ 

In what follows, when we write G|^^ {z, •) or Gf/^ w) we will mean a version 
that is ER-harmonic. 

Corollary 5.8. Gg^ {z, w) = Gg" {w, z) for all z,we E. 



ERBM AND LOEWNER EQUATIONS IN MULTIPLY CONNECTED DOMAINS 33 

Proof. G™(-,z) satisfies the conditions of Proposition 15.71 and thus, is the same 
function as Gf)^ (z,-)- D 

We conclude this section by proving that the normal derivative on OAq of the 
Green's function for ERBM is a multiple of the Poisson kernel for ERBM. We need 
a lemma. 

Lemma 5.9. Let D e y* be a domain such that dD and dM. agree in a neighborhood 
of and fix R> such that (0) C D. Then if e < r < R, 



I Gl)^ {re'\ei) sine dO 
Jo 



- + Oir) 
r 



as e, r — T' 0. 

Proof. Using Proposition 15.11 and (|2.19p , we see that 

n 

As a result, using Lemma to complete the proof, it is enough to show that 

n 

{re'') Gg^ {A,ei) ~ W^'" [Gh (B.^ , ei)] = O {re) , e, r- ^ 0, 

1=1 

where O (re) is uniform over 6 e (0, tt). 

It is easy to check using Lemma (PT^ . (HHH]), and that Gg^ [Ai.ei) = 
0{e). Using (^3]) . it follows that for 1 < z < n, /i^ (re'") is 0(r). Since the 
probabilty a Brownian motion started at re*" does not exit D on K is O (r), using 
(|2l8l) . it follows that E"^"'" [Gh (Btd , «)] is O (re). □ 

Proposition 5.10. Let D £ yn be such that dD is locally analytic at x £ OAq. 
Then the (inner) normal derivative of Gf)^ {z, ■) at x is 2Hj^^ {z,x). 

Proof. We start by proving the result when D £ 3^„ is a domain such that C\ylo = H 
and a; = 0. Fix R such that (0) C D. Using Proposition 14. 5[ we have that if 
r < R, then 

Gg«(z,ez) ^. rJ^Hn^{z,re'')Gf,^{re'<^,et)de 
lim — — = lim — ^ ^ 

£^0 e e^o e 

2rH§^ {z, 0) [/„" Gg^ {re'^,ei) sind dd] [1 + O (r)] 

= lim — 

e^O e 

= 2ijf«(z,0) [l + 0(r)]. 

Taking the limit as r — > 0, the result follows. 

For arbitrary 13, let / : Z? ^ 13' be a conformal map such that D' £ yn is such 
that C\Ao = U a-iid x is mapped to 0. Using the Schwarz reflection principle, / (z) 
can be extended to a map conformal in a neighborhood of x and Gf/^ {z, •) can 
be extended to a function harmonic in a neighborhood of x. Combining this with 
the fact that conformal maps preserve angles, the chain rule, p.ip . the conformal 
invariance of Gf,^ {z, •), and the result for D' , the result follows. 

□ 
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5.2. Proofs of formulas ()3.3p and ()3.4p . The theory of Green's functions for 
ERBM can be used to prove formulas p.3p and p.4|) . We start with a lemma. 



Lemma 5.11. Let Ai r G be as in Lemma^S^and t = inf |i : -B^^^ (<) G 9^o|- 
If f : Ai^r ^ D is a conformal map and D is bounded, then 



(.) 



ds 



< oo. 



Proof. Using Lemma 15.21 we have that for sufficiently small e 



E 



/' {Bit (-)) 



ds 



riER 



{z,w) I/' {w)f dw 



Gff^(z,7«)|/' {w)fdw 



+ 



G'^ti^^^)\f'M\ dw. 



lAi,^\B,{z) 

Since |/' (r)| is bounded on (z) and the Green's function for ERBM is integrable, 
the first integral in the sum is finite. Since (z, •) is bounded on Ai^r\B {z, e) 

and /^^ \f' {w)\'^ dw is equal to the area of D (by a straightforward change of 
variables), the second integral in the sum is also bounded. □ 



Proposition 5.12. Let f : C\I 

a.s. we have 



(5.10) 

and 

(5.11) 



1) ^ D he a conformal map sending oo to oo. Then 
f'(Bi^^{s)\ " 



ds < oo 



ds ~ 



Proof. For fixed t, let W be the set of w in the underlying probability space such 
that the left hand side of (|5.10p is infinite and for each n e N, let Wn be the set 
of ll! such that has not left Ai^n by time t. By Lemma [5.111 the measure of 

Wn n is zero. It follows that for almost every w € W, the path of B^^ up to 
time t is unbounded. It is easy to see from the definition of ERBM that this implies 
that W has measure 0. 

It is easy to see that |/'| is bounded below on the set 

{z e C : |z| > 2}. 

Since the set of t such that BSJ^ (t) > 2 has infinite measure, (|5.11l) follows. □ 



Proposition 15.121 clarifies the implicit use of ()5.10p and its analogs. The reader 
can verify that the proof of Proposition 15.121 docs not rely on any of the results 
that used (|5.10p . For instance, in the proof of Proposition 15.31 we used the fact 
that a.s. (|5.10p holds for any finitely connected region D. Using the definition of 
ERBM, it is easy to see that to prove this, it is enough to prove it for any domain 
conformally equivalent to C\D. Notice, however, that the only property of C\D 
we used in the proof of Lemma [5.111 was that i^j ') bounded away from z 
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and integrable in a neighborhood of z. Once we know Proposition 15. 121 holds, the 
proof of Proposition 15.31 works for D = C\D and we can use Proposition 15.31 and 
Proposition 15. II to conclude that Gf)^ (-2, ■) is bounded away from z and integrable 
in a neighborhood of z for any region D conformally equivalent to C\D. This allows 
us to prove an analog of Proposition 15 . 12l for any conformal annulus, which is what 
we needed. 

5.3. Conformal Mapping Using Gf/^{z,-). Analogous to the connection be- 
tween H^^[-,w) and conformal maps, there is a connection between Gf)^{z,-) 
and conformal maps into certain classes of finitely connected domains. 

Recall that a domain is a bilateral standard domain if it is an annulus of outer 
radius 1 with a finite number of concentric arcs removed. It is a classical theorem of 
complex analysis [2] that any finitely connected domain is conformally equivalent to 
a bilateral standard domain. The conformal map giving this equivalence is closely 
related to Gf/^ {Ai, •), where dAi is the boundary component mapped to the inner 
circle of the annulus. 

Theorem 5.13. Let D G and suppose that there is no Jordan curve in D with 
Aq in its interior. If u — TrGf)^ {Ai, ■), then there is a bilateral standard domain D' 
and a conformal map / = e~("+™) from D onto D' . Furthermore, if g is another 
conformal map from D onto a bilateral standard domain D" and g maps dAi onto 
the inner radius of D" and OAq onto the outer radius of D" , then f and g differ 
by a rotation. 

Proof. The existence of a conformal map from D onto a bilateral standard domain 
and the uniqueness of the map up to rotation are classical results of complex anal- 
ysis. It is also possible to explicitly construct the map / using Gf)^ {Ai, •), see [8] 
for details. 

Suppose g — g-(«+™) jg ^ conformal map from D onto a bilateral standard 
domain D" and g maps dAi onto the inner radius of D" and OAq onto the outer 
radius of D". To complete the proof, we must show that u{z) = irGf/^ {Ai, z). 
Observe that — log (17) is a locally holomorphic, multi- valued function well-defined 
up to an integer multiple of 27r. As a result, it is a well-defined harmonic function. 
Let rjj for j 7^ i be a Jordan curve surrounding Aj whose interior contains no point 
of Ak for j k. On the interior of Ty^, u + iv is a well-defined holomorphic map 
and as a result, 

/ ■^u{z)\dz\=0 
7 / dn 
'j 

for any Jordan curve rj'j surrounding Aj and in the interior of rjj . We conclude by 
Lemma 13.91 that u is ER-harmonic on D\Ai and since it is equal to zero on OAq, 
it must be a multiple of Gf,^ {Ai, ■). Using (|5.9p . it is easy to see that the only 
multiple that will work is n. □ 

Recall that a domain is a standard domain if it is the unit disk with a finite 
number of concentric arcs removed. There is a connection between Gf)^ {z, •) for 
z € D and conformal maps from D onto standard domains. 

Theorem 5.14. Let D G yn and suppose that there is no Jordan curve in D with 
Aq in its interior. If z G D and u = irGf/^ (z, then there is a standard domain 
D' and a conformal map f — e^("+™) from D onto D' . Furthermore, if g is another 
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conformal map from D onto a bilateral standard domain that sends z to 0, then f 
and g differ by a rotation. 

Proof. The proof is similar to that of Theorem 15.131 and is omitted. □ 
6. An Application to a Loewner Equation 

6.1. The Complex Poisson Kernel for ERBM. We want to prove the analog 
of Proposition l2.5l for finitely connected domains. We start with some preliminaries. 



Definition 6.1. Let D e y* and for each x G M n dD define 
H^" (oo, x) = Um yH^"^ {x + iy, x) . 

y^oc 

When we write (oo, x), it is assumed that x G dDOM. even if it is not explic- 
itly stated. (oo, x) can be interpreted as the normal derivative of ('i 2;) 
at 00. 

Let R be such that z e I? for all z G H with \z\ > R. Using the strong Markov 
property for ERBM and (f2^ . we have that if |z| > 2i?, then 



[l + 0(|z-|)]. 



(z, x) = R r Hhr {z, Re'^) H^^' (i?e*^ x) d0 
Jq 

(6.1) ^2RHm{z,0) / H^'^ {Re'\x)sme de 

Uo 

Combining (|6.1I) with (12.21) . we get the following lemma. 

Lemma 6.1. Let D £ y* and R be such that z £ D for all z £ M with \z\ > R. 
Then 

if|«(oo,0) = — r HE'' (Re'' :0) sine de. 
Jo 

An analog of Proposition 14. II holds for H^^ {00, x). 

Proposition 6.2. Let D £ y* and suppose that f is a conformal map such that 
f {D) G 3^* and f (Ai) is bounded for 1 < i < n. If 

f (z) — ao + aiz + O (^\z\ , z — ^ 00, 

then 

TjER I \ \f' {^)\ ttER I ti w 

Hd (00, a;) = — - — (oo,/(a;)) . 
Proof. Using Proposition 14. 11 we have 



HE'' {^,x) = lim yHE''{ty,x) 

K-s-oo 

rER 



lim yHf^% (/(zy),/(x))|/'(x)| 
hm ayilf(S) {lay + O (1) , / [x)) ^""^^ 



\-Hf^% (00, /(x)). 



If (^ )l r,ER 
a 



The last equality follows from (|6.ip combined with (|2.2p . □ 

The function introduced in the next proposition is a key component in the proof 
of the analog of Proposition 12.51 for finitely connected domains. 
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Proposition 6.3. Let D E y be such that Aq = 



Then there i 



function Tif)^ : D 



IS a unique 



C satisfying the following. 



(1) For each x E R., z t-^ (^i ^) a conformal map onto a chordal standard 
domain. 

(2) The imaginary part ofUf/^ {z,x) is nH^^ {z,x). 

(3) For each x eM., 



njER 



{z,x) 



-ttH^^ (00,2;) 



Z ~ X 

(4) For each x £ there is a constant r [D, x) > such that 

-1 



njER 



{z,x) = 



+ r{D,x) + 0{\z~x\), z 



Proof. Theorem l4.11l implics that for each x e M there is a conformal map T-Lf/^ {'tX) 
with imaginary part ttH^^ {z,x) from D onto a chordal standard domain. Since 
a conformal map is uniquely determined up to a real translation by its imaginary 
part, the uniqueness of i'l^) 'v^^iU follow once we prove its asymptotic at 00. 
For the remainder of the proof, we will assume a; = 0. The x ^ case can be 
handled by considering V.^^^ {z — x,0). 

Let i? > be such that z e D for all z e H with \z\ > R. For any z E D with 
\z\ > 2R, using (|2.4p and Lemma [Ol we see 

Im [z] 



(z,0) 



— f HE''{Re'',0)sm9 d9 



1 + ^ 



(oo,0)lm [z] 



1+0 



R 



As a result, if we let 



then Im [/ (z)] = O (^\z\ as z — > od. Combining this with Lemma [2.151 we see 
that /' (z) — O l^lzp"^^ as z — ^ 00 and since / (00) = 0, for \x + iy\ > 2R we have 



f'{x + iy) dy' 



y 



'y 



zy')\ dy' 



= O 



(|x- 



The third statement of the proposition follows. 

Let / (z) ^ nff (z,0) + i and observe that to prove the fourth statement it 
is enough to show that / (z) = / (0) + O (|z|) as z — >■ 0. This will follow by the 
Schwarz reflection principle if we can show that |/' (z)| (and hence / (z)) is bounded 
in a neighborhood of 0. The Cauchy-Riemann equations imply that to show this, 
it is enough to show that the partial derivatives of |Im[/(z)]| are bounded in a 
neighborhood of 0. This will follow from Proposition 12.151 if we can show that 
Im [/ (z)] = O (Im [z]) as z ^ 0. 
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Observe that (|42|) and (f2TT5l) imply that 

n 

ttHE"^ {z, 0) = ttHd {z, 0)+^TY,h^ (z) H^"^ {A„ 0) 

1=1 

n 

= ttHm {z, 0) - Im [z] r (D; 0) [1 + O (|z|)] + tt^ /i, (z) iJ^^' (A„ 0) , 

i=l 

as z — > 0. It foUows that 

n 

(6.2) Im [/] = - Im [z] r (I?; 0) [1 + O (|z|)] + ^ ^ (z) (A„ 0) , 

1=1 

as z — > 0. Since /i^ (z) is zero on R, we can extend hi (z) to a function that is 
harmonic in a neighborhood of 0. As a result, letting z = x + iy, we can write 

dhi 

hi {x + iy) = {x)y + (y^) , 



dy 

as y — > 0. Substituting this into (|6.2I) and using the fact that (x) is bounded in 



a neighborhood of 0, the result follows. 

□ 

We call the map 7if)^ the complex Poisson kernel for ERBM. 

Proposition 6.4. Let D E y be such that Aq — C\M and denote the image of 
D under the map z ^ hy D*. Then there is a unique conformal map (fD 

satisfying 

lim ifu (z) — z = 

that maps D onto a chordal standard domain. Furthermore, for each x £ R, we 
have 

(6.3) ^D{z)^nD'(—^,o)+x-r{D;,0). 

\z ^ X J 



Proof. Using Proposition 16. 3[ it is straightforward to verify that the the map in 
(j6.3p has the required properties. The uniqueness of ipu is easy to check using 
Theorem mU □ 

A quantity that will be of particular interest to us is (p'j^, (x) for a; G M. In what 
follows, we continue to use the setup of Proposition [631 



Lemma 6.5. tpu can be extended to a map that is conformal in a neighborhood of 
any x E R. Furthermore, we have 

(6.4) ip'i,{x) = 7rHE^{^,0). 

Proof. The first statement follows from the Schwarz reflection principle. The for- 
mula for (p'j-, (x) can be computed from ()6.3p using Proposition l6.3l □ 

An important fact is that (p'jj (x) — ttH^^ (oo,x). This will follow from (|6.4p if 
we can show that (oo, x) = Ff^P (oo, 0). 

Lemma 6.6. For any x eM, H^^ (oo, x) = H^P (oo, 0). 
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Proof. Using Proposition lS.lOl Corollarv l5.81 and the conformal invariance of G^^, 
we have 

ij|?(oo,0)= hm yHE?{iy,0) 

= hni hm 

■y-s-oo e->-0 2e 



= hni hm 



hni hni 



J/-S-00 e->0 2e 

hm hm 



= fff« (oo,x). 

The interchange of hmits in the second to last equahty is justihed by Proposition 
15.11 and the fact that the interchange is vahd when Gf/^ is replaced by Gd ■ O 

Proposition 6.7. For any x £ R, (p'jj (x) = ttH^^ {oo,x). 

Corollary 6.8. If D is a chordal standard domain, then for any x £ M. 

ttH^^{oo,x) = 1. 

Proof. Since (po (z) — z when Z? is a chordal standard domain, the result follows 
from Proposition 16. 71 □ 

Using ifjj (z), we can prove an analog of Proposition 12.51 for hnitely connected 
domains. 



Proposition 6.9. Let D E y be such that Aq = C\H and let A £ Q be such that 
An Ai = (d for 1 < i < n. Then there is a unique conformal map h^ satisfying 

lim /i^ (z) - z = 
that maps D onto a chordal standard domain. 



Proof. Proposition 12.51 implies there exists a unique conformal map gA '■ M\A — > M 
satisfying 

lim gA (z) - 2 = 0. 

The map h^ (z) := ipg^(D\A) ° 9 A (z) satisfies the conditions of the proposition. 
The uniqueness of h^ (z) is easy to check using Theorem 14. Ill □ 

(z) has an expansion at infinity 

h^{z) = z + ^ + (izf') , z~^oo. 

We call the constant oi the excursion reflected half-plane capacity (from infinity) 
for A in D and denote it hcap^^ (A). Since hcap^^ (A) depends not only on A, 
but also on the domain D, our notation is misleading, but it will usually be clear 
from context what domain we mean when we write hcap^^ (A). We continue to 
use the setup of Proposition [ 
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Proposition 6.10. Let r he the smallest t such that B^^ {t) e dM U A. Then for 
all z G D\A, we have 

Im [z-h^{z)]^W- [lm[BE^'{T)]]. 

Also, hcap^^ (A) is equal to each of the following. 

(1) lim j/E^^[lm[Sf«(T)]] 

y—>-oo 

(2) / E^"^"' [Im [Bf)^ (r)] ] sin 9 dO for any R such that z £ D for all 

z e H with \z\ > R. 

Proof. Since Im [z — h^ (z)] is a bounded ER-harmonic function and the imaginary 
part of hA (z) is equal to on 9H U A, the first statement follows from Proposition 

Using the first part of the proposition, we have 



lim y^^y [Im [i?|^ (r)]] = lim y Im [iy - h^ (iy)] 



= lim y Im 

j/->oo 

^ER 



ly 



ly - 



hcap^^ (A) 
iy 



0(y- 



hcap^" (A) . 



This proves the first equality for hcap^''^ {A) . 

Using the first equality for hcap^^ {A) and (|2.4p , we have 



hcap^^ (A) = lim y^y [im [B^^ (r)]] 



a->oo 



lim Ry f E^"" [im [b|^ (t)]] Hhr (iy,Re'^) d0 

lim Ry r E^-^" [im [S™ (t)1 1 A sin [l + O 
y^oo [Try '■ \ /J 

— E«-'' [Im [Bf « (r)]] sin0 
Jo 



de 



This proves the second equality for hcap^''^ (A) . 



□ 



Lemma 6.11. Let r = rad (A) and r be as in Provosition \6.1()[ Then 



hcap^^ [A) = 2riJ^^ (oo, 0) 



E'^'^" [Im [B|^(r)]] sin 6* de* 



[l + 0(r)] 



as r — > 0. 
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Proof. Let R be such that 2; G Z) for all z e H with \z\ > R. Using Proposition |4?5l 
Proposition 16 . lOl and Lemma [63] we have 

hcap^^(A) =— Te^^"^ [lm[S™(r)]]sin0i dOi 
^ Jo 

^ Jo Jo 



2R 

TT 

2r 



H^^^ (Re'''\0) sin 6*1 dOi 



E'-'^"' [Im [b|^ (t)]] sin6l2 de2 



[l + 0(r)] 



2rHji,'^ (00, 0) 



W'"' [lm[B™(T2)]]sin02 



[l + 0(r)] 



□ 



The next result gives a uniform bound on the difference between Ha (z) and 
in terms of heap (A) and rad^. This can be interpreted as a 



hcap^"(A)-Hg"(z,0) 



proof of a Loewner equation for chordal standard domains at t = 0. 

Proposition 6.12. Let D E y be such that Aq = C\IHI. There is a constant c < 00 
that depends only on D and z such that for all A (z Q and z £ D with \z\ > 2 rad (A) 



heap™ {A) (z, 0) 



7ri?|^«(cx),0) 



< chcap^^(A) rad {A). 



Proof. Let r = rad {A) , 



^ hcap™(A)Hg^(z,0) 



and 



I \ , \h( ^^ ^ \ 1 heap"" (v4) (z,0) 
V (z) = Im [/i (z)] = Im [z - /i^ (z)J (00 Q) ' 

If |z| > 2 rad (A), using Proposition 14.51 Proposition I6.IOI and Lemma [6.1H we 
have 

Im [z^h^A =E^ [Im[i?|^(r)]] 

E-" [Im [Sf « (r)]] Hf,? (z, re'^) d0 



2ri7|«(z,0) 



E''^"' [Im [B|^(r)]] sine d0 



[l + 0(r)] 



H^'"(z,0)hcap™(^) 
i^l^ (00,0) 



[1 + (r)] , 



as r — 0. It follows that there exists a c > such that 

(6.5) \v (z)| < ci7|^ (z, 0) heap™ {A) rad (A) . 

Let i? > r be such that z € D for all z G H satisfying |z| > i?, 7 be a curve 
from z to i2i? (that avoids (0)), and be the maximum value of (-,0) 
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restricted to 7. Using Lemma [2. 151 and ()6.5|) . we see that there is a c > such that 
the partial derivatives of v restricted to 7 are bounded in absolute value by 



hcap^^ {A) rad (A) 



(6.6) 



where d is the distance from 7 to dD. It follows that 
(6.7) \h{z)~hii2R)\<c 



I heap''" {A) rad (A) 



where I is the length of 7. 

Using p.2p . it is easy to check that («y, 0) — O (y^^) as iy — > 00. Using 

this fact along with an argument similar to the one used to obtain ()6.6p . we see 
that there is a c > such that ii y > 2R, then 



(6.8) 



\h'm\< 



cHj^^ {iy, 0) hcap^^ (A) rad (A) 



Combining this with the fact that h {iy) as ?/ — 00, we have 



\h{i2R)\ = 



< 



2R 

00 



2R 



h' {iy') dy' 
\h'{iy')\ dy' 



< chcap^^ {A) rad {A) 



ttER 



(V,0) 



dy' 



2R 



< 



chcap''"(A) rad {A) 
2R ■ 



Combining this with (|6.7p . the result follows. □ 

With a little more work, it is possible to show that the constant c can be chosen 
so as to depend only on D and the distance from z to dD. We can also get an 
improved bound for z d D with \z\ > 2R. 

6.2. The Chordal Loewner Equation in Standard Chordal Domains. In 

what follows, let be a chordal standard domain and 7 : [0,oo) — > _D be a simple 
curve with 7(0) G M. Denote 7[0,t] by jt and, for each t > 0, let Dt := D\jt, 
gt : EI\7t — H be the unique conformal transformation satisfying lim gt {z) — z = 0, 

ht be the unique conformal transformation satisfying lim ht {z) — z = that maps 
Dt onto a chordal standard domain, and ipt be the unique map on gt {Dt) such that 
ht~ipt° gt- For each s > 0, let 7" {t) — hg (7 (s + t)) and hg^t = h^i^^'^ ■ Observe 
that ht — hs,t o hs- 

Let h {t) = hcap^^ (74) and a (t) = heap (7f). Recall that ht has an expansion 

z 

Reparametrizing if necessary, we may assume that h (t) is C^. A priori, we do not 
know that d (t) exists, but later we will show that, in fact, d (t) exists if and only if 
h (t) exists and give a formula relating the two quantities. 
Let 

IJt = lim /i. (7(0)- 

s->t- 



/^*(z)^z + ^ + o(n-^) 



00. 
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Assuming for the moment that Ut is weh-defined, we can state our main theorem. 
Theorem 6.13. For any z G Dt, ht (z) satisfies the initial value problem 

k {z) = -h {t) Hf^f^^) {ht (z) , Ut) , ho (z) = z. 

The first main step in the proof of Theorem 16.131 is Proposition 16.121 which 
essentiahy estabUshes the theorem for t = 0. The second main step is proving that 
Ut is a continuous function. We know that 

(6.9) Ut - hm 5s (7 W) 

is a weh-defined continuous function. To prove Ut is continuous, the basic idea is 
to use the continuity of Ut along with estimates for ip't (x). Proposition 16 . 71 imphes 
that finding estimates for (p't {x) is equivalent to finding estimates for H^^^ ^ (oo, x). 
The following lemmas provide the necessary estimates. 

Lemma 6.14. Let D y* be such that there exist constants < r < R such that 
Ai C A^j^ for 1 < i < n and x G dAo for all x with \x\ > R. Then there is a 
constant C^^r < oo such that (oo, 0) < Cr^R- 

Proof. Lemma |6 . 1 1 implies 

HE"" (oo, 0) = — r HE"" {Re'', 0) sine dO. 

Since by Lemma HTTl there is a uniform bound depending only on r for HE^ (Re^^ , O) , 
the result follows. □ 

Lemma 6.15. Let D & y be such that Aq = C\H and such that Ai C (0) for 
1 < i < n. Then there is a Cr < oo such that for all x gM. with \x\ > 2R we have 



HE^ {^,x)-- 

TT 



< Crx- 



Proof. Since 

H"h(oo,.t) := liui yHmix + iy,x) ^ I/tt, 

y^oc 

to complete the proof, it is enough to find a constant Cr such that 

\Hm (oo,x) - hE'^ ioo,x)\ < Crx'^. 

Let r be the first time a Brownian motion in H hits dH^ . Since has the 

distribution of a Brownian motion up until the first time it hits dD, we have 

\Hu[oo,x)-HE'^{oo,x) \ < lim yP'^+'y {\Br\ = R} 

y->oo 

sup {|i^|«(i^e*^x) +i^H(i?e'^a;)|}. 

eG(0,7r) 

Using (|2.4[) . we see that lim yP^+'^y {\Bt \ — R} is bounded by a constant depend- 

y->oo 

ing only on R. Using (|2.2p . we see that there is a c > depending only on R such 
that 

(6.10) |i/H (i^e*^a;)| < ca;-^ 
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Finally, using (|4.2|) and (|2.6|) . we have 

n 

HE"" {Re'', x) = Hd {m\x) + ^ /i, {R^') F^^ (A„ a;) 

1=1 

< {Re'', x) + sup HE" {A„ x) . 

l<i<n 

As a result, (I6.10p and Lemma [4.61 imply that there is a c > depending only on 
R such that 

{Re'\x)\<cx-\ 

The result follows. □ 

Lemma 6.16. Let D Cz y be such that Aq = C\H and suppose that there are 
constants r' > and < r < R such that w Cz D for all w Cz M with Im [w] < r' 
and Ai CZ A'^j^ for 1 < i < n. If A is a compact M-hull contained in B^^^ (0) and 
e = rad (A), then there is a c > depending only on r, R, and r' such that 

HE'^ (oo, x) - HE^a a;) < ce, 

for all X E M. with \x\ > e + y^. Furthermore, if \x\ > 2R, then there is a c > 
depending only on r, R, and r' such that 



2 



(oo,x)-iJi^«4(oo,x) < ^. 

Proof. Lemma 14.91 implies that there is a c > depending only on r, R, and r' such 
that if |a;| > e + -^e, then 

x) - hE^a < cHE"" (ex., 0) e. 

Since, by Lemma [6.141 HE" (oo, 0) is bounded by a constant depending only on r 
and R, the first statement follows. Using the second part of Lemma the second 
statement follows similarly. □ 

Using the Koebe distortion theorem, we can extend bounds for \ip' {x)\ on R to 
bounds for |(^' (z)| restricted to a compact H-huU. 

Lemma 6.17. Let D e X, A e Q, and x e A n R. If S > is such that 
dist {A, Ai) > 5 for 1 < i < n and dist {A, z) > 6 for all z e (9Ao) \M, then there is 
a bound for \ip'jj {z)\ restricted to A that depends only on 5, rad (A), and ip'jj (x) . 

Proof. It is easy to see that we can find open balls i?i , i?2 , . ■ . satisfying the 
following. 

m 

(1) _Bi is a ball of radius S/i centered at a and A C [J -Bi 

1=1 

(2) For all 1 < i < m, Bg (ci) does not intersect A or Aj for any 1 < j < n 

(3) There is an upper bound for m depending only on S and rad (A). 

Using the Koebe distortion theorem, we can find a bound depending only on m and 

m m 

\(p'jj {x)\ for \ip'g {z)\ restricted to [J Si- Since Ac [J -B^, the result follows. □ 

z=l i=l 
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In what follows, we once again let D and 7 be as in Theorem 16 . 131 and fix to > 0. 
In order to be able to apply the previous lemmas, we need to find estimates for 
the distance between gs {Ai) and gs (7) that are uniform over all < s < to a-nd 
l<i<n. 

Lemma 6.18. There exist positive constants ri < Ri, r2, and d that depend only 
on D, 7, and to such that for each < s < to and 1 < i < n the following hold. 

(1) gs (A,) c A+^^^ (t/,) 

(2) gs{A,)c{zGM:lm[z]>r2} 

(3) The distance between gs (7) and gs (Ai) is greater than d 

(4) If i ^ j, then the distance between gg (Ai) and gs (Aj) is greater than d. 
Finally, there is a uniform bound on diam [gs (7 (s,t))] over all < s < t < to. 

Proof. Let Ri (s) — sup \gs (z) — Us\ and (s) ~ inf \gs (z) ~ Us\. Lemma [2.101 

and Proposition l2. 91 imply that R^ (s) and (s) are continuous functions of s. This 
proves the first statement. The proofs of the remaining statements are similar. □ 

We also need a lemma similar to Lemma [6. 181 for hs. 

Lemma 6.19. There exist constants < r < R and r' depending only on D, 7, 
and to such that for each < s < to and 1 < i < n we have 

(1) hs (A,) c A+^ i^s (Us)) 

(2) hs (A,) C {z e H : Im [z] > r'}. 

Proof. Let ri, and r2 be as in Lemma 16.181 Using Lemma 16.141 we can find an 
upper bound M for {Us)\ that depends only on ri and Ri. Using Lemma [6.11 
and the (easy) fact that there is a positive lower bound for Hgfi) ) (2-Rie*^, O) that 
depends only on and r2, we see that there is a lower bound m > for \(p'^ {Us)\ 
that depends only on Ri and r2. 

The Koebe 1 /4 theorem implies that there is a constant r > that depends only 
on ri and m such that [tps (Us)) C ips ids (Ds))- Since hs ~ (ps o gs, it follows 
th&tB+iifs iUs))chs (Ds). 

The Koebe distortion theorem implies that there is an upper bound that depends 
only on M, r2, and i?i for \tf'g {z)\ restricted to the boundary of (Us)- As a 
result, there is a constant R > that depends only on M, r2, and i?i such that 
(fis {B2r^ (Us)) C i?^ {(fs (Us)) . The first statement of the proposition follows. 

Similarly, the Koebe distortion theorem implies that there is a lower bound 
greater than zero for \(p'g {x)\ restricted to [— 2i?i, 2i?i] that depends only on m, r2, 
and Combined with Lemma [B.15l this gives a lower bound for jc/j'^ (x)| restricted 
to K. As a result, the Koebe 1/4 theorem implies that there is an r' > depending 
only on m, r2, and i?i such that for each a; G M, B^, (ips (x)) C ips {gs {Ds j}- The 
second statement of the proposition follows. □ 

We have the tools to prove an analog of Lemma [2.10l for hs. 

Proposition 6.20. There exists a constant c < 00 that depends only on D, 7, and 
to such that if < s < t < to < cxd, then 

diam [hs (7 (s, t))] < cy^osc{j,t - s,to) 

and 

[[hs - ht[[^ < c^osc {^,t- s,to), 
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where 

osc (7, 5, to) = sup {|7 {s)~^{t)\:0<s,t< to; \t - s\ < S} 
and hg — ht is considered as a function on Dt- 

Proof. Let ri, and d be as in Lemma 16.181 and Us = (p{Us)- Lemma 16.141 
combined with Proposition 16.71 shows that there is an upper bound for tp'^ (Us) 
that depends only on ri and Ri. As a resuh, Lemma 16.171 imphes that there is a 
bound for \(p'g {z) \ restricted to gs (74) that depends only on ri, Ri, d, and to- Since 
hs = fs ° gs, the first statement of the proposition follows from Lemma 12.101 

Since ht = hg^t^hg, to prove the second statement of the proposition it is enough 
to show that there is a c < 00, depending only on D, 7, and tg, such that 



(6.11) 



\\hs,t (2) - 2II00 < c-^osc (7,i - s,to). 



Let fsj, '■= 9hs(it)-i 4's,t be the unique conformal map such that hs,t = 4's,t ° fs,t, 
ds^t = diam [hs (7 (s,i))], and r, _R, and r' be as in Lemma 16.191 Note that by the 
Schwarz reflection principle, 0s, t can be extended to a conformal map on 

R U {2; : z or z is in the image of fs^t} ■ 

For any z e M\hs (7*), Lemma [2.111 implies that 

(6.12) \fs.t {z) ~z\< Ms,f 

It follows that if dg^t is sufhciently small, then the image of fs^t restricted to (^■') 
contains (jUs^) and the image of fs^t restricted to ip^'''} contained in 



a half-disk centered at Us with radius depending only on dg^t and R. Since the first 
part of the proposition shows that ds.t —t- as |< — s| 0, it follows that there is a 
S > and constants Ay/d^ < rs < R < Rs such that if \t — s\ < 5, then ds^t < 1 
and the image of fs^t contains all z £ H in the complement of A^^ (^11, 

For the remainder of the proof, we assume that |t — s| < S and let c > be a 
(changing) constant that depends only on r, R, r', and 6. Lemma 16.141 combined 
with the Koebe distortion theorem, shows that there is an upper bound Ms for 



(x) restricted to 



Us 



Wx/ds 



.Us 



lO./ds 



3 ' 3 

that depends only on rg and Rg. Lemma 16.161 implies that if x S 
Us > ds,t + \/d^t-, then 

HER 



satisfies 



(6.13) 



ttER 



(00, a;) - Hf^j^jy^^^^^f^^^-^ (00, x) < cds,f 



Lemma [2 . 141 implies that if a: e R satisfies 
(6.14) 1 - 



Us 



> 3c?, t, then 



x-U. 



<f's,t i^)<^- 



Since Lemma 12.111 implies that 
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Corollary 16.81 and Proposition 16.21 combined with ()6.13p and (|6.14[) , show that for 

10, /ds 



all X e M such that 
(6.15) 



X - Us 



> — y, °' , we have 



Ws.t (a^) - l| < cds^t. 



Using the second part of Lemma 16.161 we see that if a; G M satisfies 
then 



X - Us 



> 2R, 



(6-16) H^f^^^ (oo, x) ~ i?,f^f,,^)\,^(^,) (ex., x) < 

Since Lemma 12.111 implies that 



edit 



fs,t 



Us - 2R, Us + 2R 



C 



Us - 3R, Us + 3i? 



using (I6.13P and (|6.16p . we see that for all x G M such that 



X~Us 



> 3i? we have 



3.17) 



Kt (a;)-i| < 



edit 



Let cc G R and assume without loss of generality that x > Us- Since 

lim {(t)s.t (y) - y) = 0, 

using (|6.15p and (|6.17p . we have 

\(t)s,t {x) -x\= lim \{(j)s^t iy) -y)- {4's,t {x) - x)\ 



y^co 



h's^t (y) - 1) dy 



< 



dy 



4:y/ds,tMs + 3Rcds,t + cdit I -| 

3R y 



< Cy/dZf 

Combined with the first statement of the proposition and (16.12p , this proves (16. lip 
and hence the proposition in the special case that |s — i| < 5. Since if s < r < i, 
then both osc (7, r — s, to) and osc (7, t — r, to) are less than osc (7, t — s, to), the 
general case follows from the special case and the triangle inequality. □ 

Proposition 6.21. For any t > 0, there is a unique Ut (z R such that 

lim ht{z) ^ ipt{Ut) ^ift, 

where the limit is taken over z G IHI\7t. Furthermore, 

tit = lim hsi-tit)) 

s-)-t- 

and t i-^ Ut is a continuous map. 

Proof. Using Proposition I6.20[ the proof is similar to the analogous proof for 174 
(see [13]). □ 

The final ingredient in the proof of Theorem l6.131 is to show that for any z G D\^ 
the map 1 1-^ '^htfot) ' ^® continuous. We start by proving the analogous 

fact for (ht {z),Ut). 
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Lemma 6.22. Fix z Cz D and let to be such that z ^ ^tg- Then there are constants 
6 > and c > that depend only on 7, D, z, and to such that if < s < t < to 
and t ~ s < 6, then 



ER 

hs(D. 



(/i, (z) , C/,) - H^^f^^^ (/it (z) ,Ut)\< c^osc(7,t-s,io). 



Proof. Throughout the proof, ah constants will depend only on D, 7, z, and to- 
Let rs^t — osc (7, t — s, to), ds.t be as in the proof of Proposition 16 . 201 and 

= min |r, inf |dist {hs {z) ,11^ : < s < tojj , 

where r is as in Lemma [6. 191 Using Proposition 16. 201 it is easy to see that there is 
a 5i > such that if < t — s < ^i, then rs^t < 1 and hg (7 (s, t)) C ' 
Since Proposition 16.201 implies that 

(6.18) d,^t + ^d^^t = O 

and |/is,t [x) — x\ — O {^/rjj) , it follows that 



U, 



hs,t [Us - dst 



ds,t] = 0(a^) 



As a result, there is a > such that ii < t — s < 62, then hs,t (x) G /2 (^*) 



for all X such that 



x-U, 



< ds 



Let S = min{(5i,(52} and for the 



remainder of the proof, assume that < t — s < 6 and x = Us 



>'S,t 



Lemma 14.81 implies that 



(6.19) 



MD.) {ht (z) , Ut) - 77,f [ht (z) , hs,t (x)) I = O (^) 



Using Proposition 14. 11 we see that 



(6.20) 



Kt (^)l Kfo,) (^t (^) ' Kt ix)) = Hf^fz,.)v..(,.) (hs {z),x) . 
Using the chain rule. Proposition 16. 71 and Proposition 16.21 we see that 

Since t^H^^j^ ^ {00, x) ~ 1, Lemma [6. 161 and Proposition 16.201 together imply 

/i^, {x) = l + {^) . 
Combining this with (|6.20p and Lemma we conclude that 
(6.21) i?f,fz,,)\„,(^,) {hs (z) , x) - Hl^j,^^ {ht (z) , hs,t [x]) = O {^) . 
Next, using Lemma l479l we see that 

(6-22) KfD.)\h.M (^-^ (^) ' ^) - Kfo.) (hs (z) ,x)^0 {^) . 
Finally, using (|6.18l) and arguing as in (|6.19l) . we see that 

(6.23) H^f^^^ {^hs (z) , Us) - iJf^fc^) {hs (z) ,x)^0 {^) . 

Combining (|09l) . (jOTj) . ([Ol), and ([OSl - the resuh follows. 



□ 



It is not hard to see that the proof of Lemma [6. 221 can be modified to show that 
the constants c and S can be chosen uniformly over all z in a compact set. 



ERBM AND LOEWNER EQUATIONS IN MULTIPLY CONNECTED DOMAINS 



49 



Lemma 6.23. Fix z ^ D and let to be such that z ^ ^Iq. Then the map 
is a continuous function on [0,to)- 

Proof. Assume without loss of generality that 7 (0) = 0. Let 

ft (w) := nlfo^) (/it (w) , Ut) = ut (w) + ivt (w) 

and if s < let /^.f :— ft — fs and u^.t ■= Vt — Vs- Let R be as in Lemma 16.191 and 
R = maxjdiam {^to) i R} ■ Finally, let 7 be a path in Dtg from z to i2R. 

Lemma 16.221 and Lemma 12.151 imply that there is a > and c > such that 
if |i — s| < Si, then the partial derivatives of Vs.t restricted to 7 are bounded in 

absolute value by ^ where d — dist {^,dDtg). As a result, there is a 

constant c > that depends only on 7, D, z and t^ such that if |t — s| < ^i, then 
|/^ t < c-^osc (7, t — s, to) for all w G 7. It follows that if \t — s\ < (5i, then 

(6.24) (z) - f,^ {i2Rj I < d^osc (7,^-5,^0), 

where I is the length of 7. 

If y > 2R, ()2.4p implies that there is a c > such that the probability a Brownian 



motion in H started at y leaves H\i?D on dB^ (0) is less than Lemma [6.221 
implies that there is a > and c > such that ii \t — s\ < S2, then the maximum 
value of \vs^t {z)\ restricted to dB^ (0) is less than c-^osc (7, t — s, to). It follows 
that there is a c > such that ii \t — s\ < 62, then 



c-^osc {j,t-s,to) 
Vs,t (y) < — ■ 

y 



As a result. Lemma [2.151 implies that there is a c > such that ii \t — s\ < S2, then 
the partial derivatives of Vg^t (iy) are bounded in absolute value by s,to) ^ 
We conclude that there is a c > such that ii \t ~ s\ < 62, then 



\f/ /■ M ^ c^osc (7,^- s,to) 

\fs.t *y) < 2 

for all y > 2R. Since lim fs^t {iy) = 0, it follows that if |t — s| < 82, then 

(6.25) (.2i?) < i^y)\ dy < " ^' 

^ ^ J2fl 2it 

Combining this with (|6.24p . the result follows. □ 

We have everything we need in order to prove Theorem 16. 131 
Proof of Theorem \6.1SX Let / be the conformal map such that 

hs,s+e {z) = f (z-Us)+ijs- 
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Applying Proposition 16. 121 to /, we see that for sufficiently small e > 0, 

hs+e {z) - hs (z) =hs.s+e {hs (z)) - hs (z) 

^-ib{s + e)~bis))nl'f^^^[hs iz),Us) 

+ diam [7 (s, s + e)] [b{s + e)~b (s)] O (1) . 

Dividing this by e and taking the limit as e — > 0, we see that ht {z) has right 
derivative at s equal to 

Using Lemma [2. 121 and Lemma [6.231 the result follows. □ 

Up until now we have assumed that the curve 7 is parametrized such that b (t) is 
C^. While this was the most convenient parametrization to use when formulating 
and proving Theorem 16. 131 in applications we will often start with a curve that is 
only assumed to be parametrized such that a (t) is . This will not pose a problem 
though because, as we now prove, the ER half-plane capacity is if and only if 
the usual half-plane capacity is. For the remainder of this section we will assume 
D ey* and 7 (0) edDnR. 

Lemma 6.24. b (0) exists if and only if a (0) exists. If both quantities exist, then 

6(0) =7ri?|^ (cx3,0)d(0). 

In particular, if D is a chordal standard domain, then d (0) =6(0). 

Proof. Assume without loss of generality that 7 (0) =0 and z e for all 2; G H 
such that \z\ < 1. Let rt — rad(7t) and 

bt^{zeDt:\z\<l}. 

Define r* to be the first time a Brownian motion in H exits ]HI\7f , to be the first 

time an ERBM in D exits Dt, X[ ^ Im B^t , and X| = Im [Bf,^ (t|)] . Finally, 

define 

/•TT 

Ml [t) = / W^^" [X^] sin 6* d9 
Jo 

and observe that Lemma 16.111 implies 

(6.26) 6 (t) = 2rti?|« (00, 0) Ah (t) [1 + (r*)] , n ^ 0. 
As a result, b{t) exists if and only if 

(6.27) hmll^ 
exists. 

Let be the event that a Brownian motion started at z e I?t does not leave 
£)( on {z e HI : \z\ — 1} and define 



M2(t)= / E'' 
Jo 



de. 



We claim that the limit in (|6.27|) exists if and only if 

(6.28) lim!i^ 
^ ' t^o t 



ERBM AND LOEWNER EQUATIONS IN MULTIPLY CONNECTED DOMAINS 



51 



exists and if both limits exist, then they are equaL Observe that 



(6.29) E''*""' [X*] = E''*""' X* +/ E'^'"' [X*] ff^^ (rte'^ e'^^) d6li 

L -I Jo 

and that, using Proposition 14.51 

(6.30) E^"^ [Xl] = 2rtHE'' {e''' , O) M, (t) [1 + (n)] , 
for all rt < 1/2. It follows that if the limit in (|6.27p exists, then 

lim 

t^o t 

exists and is a continuous function of 9i. In particular, there is an upper bound for 



that is uniform over all < ^i < and t sufficiently small. Since the remark 
following (|2.5p implies that 



Jo 



is comparable to rt sin 9, it follows that 
(6.31) 



Combining this with (|6.29p . it is easy to check that the limit in (|6.28p exists and is 
equal to the limit in (I6.27p . 

If the limit in (|6.28p exists, then using ()6.29p . (j6.30p . Lemma 14771 and the remark 
following p.Sp . we see that there is a c > independent of t such that 

Ml (t) - M2 (t)^ / Hq^ {rte'\ e**i) E'^"'' [X*] d9i sin 6* d9 

Jo Uo ' 

< cMi{t) n, 

for all rt < 1/2. Thus, for sufficiently small t, Mi (t) < 2M2 (t) and as a result 

nMi rtM2 jt) 
hmsup < 2 nm < 00. 

t^o t t^o t 

Using this, we can argue as before to show that (I6.3ip holds, from which it is easy 
using (j6.29p to show that the limit in (|6.27p exists and is equal to the limit in (j6.28p . 

Using (|6.26p and our claim, it follows that b (0) exists if and only if the limit in 
(|6.28p exists and in that case. 



6(0) = 2H^" {00,0) lim 



Using Proposition 12. 61 a similar argument as the one used to prove the claim shows 
that d (0) exists if and only if 



lim 



sin 9 d9 
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exists. Since Brownian motion and ERBM have the same distribution in Dt, this 
hmit is the same as the one in (|6.28p . It follows that d (0) exists if and only if the 
limit in (|6.28p exists and in that case, 

(6.33) d(0) = ^limi:i^. 

TT t— >-0 t 

Combining (|6.32p and (j6.33p . the result follows. □ 

Proposition 6.25. b(t) exists if and only if a{t) exists. If both quantities exist, 
then 

b{t)^v[ {Utfa{t). 

Proof. Recall that 7^* {t) — hs (7 (s + t)) and define a (t) ~ heap (7* {t j) and (3 (t) = 
hcap^^ (7^ {t)) . Since hcap^^ (7" (t)) = b {s + t) - b (t), ^ (0) exists if and only if 
b (t) exists and if they both exist, then they are equal. Lemma fG . 24l implies that a (0) 
exists if and only if /3 (0) exists and, in that case, they are equal. Finally, since 7^ (t) 
is the image under of gs (7 (s + t)), Proposition 12. 161 implies that a (0) exists if 
and only if d (s) exists and if they both exist, then a (0) = ip'^ (Us) a {t). The result 
follows. □ 
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